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ABSTRACT. We are interested in the question of the existence of flat manifolds
for which all R-irreducible components of the holonomy representation are either
absolutely irreducible, of complex or of quaternionic type. In the first two cases
such examples are well known. But the existence of the third type of flat mani-
folds was unknown to the authors. In this article we construct such an example.
Moreover, we present a list of finite groups for which a construction of manifolds
of quaternionic type is impossible.

1. INTRODUCTION

Let M™ be a flat Riemannian manifold of dimension n, i.e. a compact Riemannian
manifold without boundary, with sectional curvature equal to zero. From the Bieber-
bach theorem [16] it is known that the torsion free fundamental group I' = 1 (M™)
of the manifold M™ defines a short exact sequence

(1) 072" =>T5G =0,

where Z" is the unique maximal abelian subgroup of finite index in I". The finite
group G is the holonomy group of M". By the holonomy representation of the group
I we shall understand a homomorphism ¢r: G — GL,(Z) given by the formula

Voea,zeznior(9)(2) = y277,

where v € T' is any element such that p(y) = g. Since Z" is a maximal abelian
subgroup, ¢r is a faithful representation. Any short exact sequence (1) corresponds
to an element ar € H*(G,Z"), where G acts on Z" via ¢r. Moreover, an element
a € H*(G,Z") defines a flat manifold if and only if res& o # 0 for any cyclic
subgroup C' C G. Such an element « is called special, see [16, p. 29, 36]. In this
note we are interested in the question of the existence of flat manifolds for a special
kind of holonomy representation. We shall need some definitions.

Let h: G — GL,,(R) be a faithful representation. Denote by W a left R[G] module
which is defined by the representation h. We have a direct sum W =V, Vo B- - -V,
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of R[G]-irreducible modules V; for i = 1,2, ..., k. It follows from |5, Theorem (73.9)]
that there are three kinds of summands: absolutely irreducible, "complex" and
"quaternionic" ones. An irreducible R[G] module V' is "complex" if Endgjg (V) = C
(the complex numbers) and it is "quaternionic" if Endgg) (V') = H (the quaternionic
field). If Endgjg(V) = R then V is absolutely irreducible. Hence, we have a
decomposition

(2) W=Wg&Wcd Wy

into isotypic components of real, complex and quaternionic type.
There exists a similar characterization of C-irreducible representations. Let x be
character of G and 1
va(x) = —= > _x(¢%).
Gl =
By definition v5(x) is the Frobenius-Schur indicator.

Let V be as above an R[G|-irreducible representation. Let U be a simple submod-
ule of the C[G]-module C ®g V. Then either C ®g V' = U, which means that V is
absolutely irreducible or C®@g V = U & U, where U denotes the conjugate module
[15, pages 106-109]. In the latter case, if U 2 U then Endgig(V) = C and if U ~ U
then Endgjg (V) = H. Let xy denote the character of U. From [10, p. 58| we have

1 ,if V is absolutely irreducible,
vo(xu) = 0 ,if V is of complex type,
—1 ,if V is of quaternionic type.

In this paper we are interested in the question of the existence of flat manifolds
whose R-irreducible components of the holonomy representation are either abso-
lutely irreducible, or only of complex type or only of quaternionic type. Let us
denote the above classes of flat manifolds by RT, CT and HT respectively.

Equivalently, we are looking for a faithful ZG module W such that H*(G, W)
contains a special element and R ®z W = (R ®z W)p for FF = R, C, H respectively
in the decomposition (2).

In the first two cases (i.e. F' =R and F' = C) such examples are well known and
we shall present them in the next section. For example any Hantzsche-Wendt mani-
fold has holonomy representation whose R-irreducible components are all absolutely
irreducible. Similarly, any flat manifold with holonomy group (Zs)* and the first
Betti number equal to zero and dimension 2(2 + k) ([16, Th. 4.2|) has holonomy
representation with R-irreducible components only of complex type.

However in the case F' = H such examples were unknown. One of our main
results (Theorem 3.1) is a construction of a flat manifold in the class HT. In the
final section we shall give a list of finite groups which are not holonomy groups of
flat manifolds in the class HT.

An even dimensional flat manifold M?" is Kéhler if and only if all R-irreducible
summands of the holonomy representation ¢ (y2ny, which are also C-irreducible
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occur with even multiplicity, see [16, Prop. 7.2]. By the above definition any flat
manifold in the class CT is Kéhler. On the other hand, any Ké&hler flat manifold
with non-zero first Betti number does not belong to the class CT.

Kéhler flat manifolds
& )

Similarly, any flat manifold M*" of dimension 4n of the class HT is hyperkihler,
i.e. o ey (G) C Sp(4n), see [9]. In fact, from (cf. [10, p.58]) it is well known that
any irreducible complex representation V' with v5(V) = —1, has even dimension and
carries a G-invariant, non-degenerate symplectic form. However, any hyperkéhler

flat manifold with the first Betti number different from zero is not HT. See also [19]
and [3].

hyperkéhler flat manifolds
& )
For any finite group G, it has been observed (see [11] and [3, Prop. 3.2]) that using

"the double" construction it is possible to define Kéhler and hyperkdhler manifolds
with holonomy group G.

2. REAL AND COMPLEX CASE

To begin with, we shall present a class of examples of flat manifolds whose ho-
lonomy representations have a decomposition (2) with only absolutely irreducible
components. Any flat manifold with holonomy group (Z,)*, k > 2 has such prop-
erty. The simplest ones are the Klein Bottle and the 3-dimensional Hantzsche-Wendt
manifold whose fundamental group is defined as follows, see [16]:

I'=(n=(4,(1/2,1/2,0)),7: = (B,(0,1/2,1/2))) C SO(3) x R?,

1 0 0 -1 0 0
where A= 0 -1 0| and B= 01 0
0 0 -1 00 -1

Let us present an example of a flat manifold M, where all components of the
holonomy representation are of "complex" type (have Frobenius-Schur indicator
equal to 0). The manifold M, has holonomy group (Zs3)*, first Betti number zero
and dimension equal to 2(k +2),k > 2.

For example, to define the manifold M, we shall need matrices:

L 0 0 0 C 000
o co o o Lo -1 1
P=to o col|"P=]o 0 co ’Whefec_[ 1 0}
000 C 00 0 C2
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and [ is the identity k x k£ matrix, for any £k € N. Thus D and E are invertible
integer matrices of degree 8. We define two elements
vp = (D,(-2/3,1/3,0,0,—-2/3,1/3,—2/3,1/3)),
ve = (E,(0,0,-2/3,1/3,0,0,0,0))
of the group SO(8) x R®. Let I'y = {(yp, Vg, (Is,z) : & € Z8) and M, = R®/T'y. We
have (see [16]) that m (Ms) = I's.

3. A FLAT MANIFOLD IN THE CLASS HT
In this section we present one of the main results of our article.

Theorem 3.1. There exists a flat manifold with holonomy representation of quater-
nionic type.

Proof. Let the presentation of a group G be given as follows. G fits into the central
extension
1 —C;— G —Cy — 1,

it is generated by the elements a, b, ¢, d of order 4, such that a* = ¢ and b? = d?
generate the center Z(G) and we have commutator relations:

[a,b] = a® [a,c] = a®b? a,d] = b

b,c] =a* [b,d] = a®b?
[e,d] =1

This is an example of a skew group, i.e. a group for which we have

vxEIlrr(G)X(U =1Vu(x) =-1,
where Irr(G) denotes the set of complex irreducible characters of G. In the library
of small groups of GAP [7] G is labeled as [64,245].

‘ 1 a®> b a®b?
xi|4 4 —4 —4
x2 |4 —4 4 —4
x3|4 —4 —4 4

TABLE 1. List of nonzero values of characters x1, x2, x3-

G has exactly 3 characters x1, x2, x3 with Frobenius-Schur indicator equal to —1.
They are distinguished by their values on the center only, since on every element of
the set G\ Z(G) each of them is equal to zero. The non-zero values are presented
in Table 1. Moreover, the characters are conjugate one to another, which means
that for every 1 < i < j < 3 there exists an automorphism f;; € Aut(G) such that
X; = Xi © [ij. Let us introduce a notation for two of those automorphisms:

(3) J2 = fi2, 3 == fis.
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H2(G, M) ———— g*(G, MY)

ll‘esf(H) lresH

H*(f(H),res s M) m—H)> H?(H,resy M7)

DIAGRAM 1

From Table 1 and the fact that the center Z(G) is a characteristic subgroup of G
we have that
fz(bQ) = fg(CLQbQ) = a2.
Now, for every f € Aut(G), let M/ denote the G-module twisted by f, i.e.
M/ = M and the action -; comes from the original action of G on M as follows:

g-ym= f(g)m,
where g € G, m € M’. Moreover, for every such automorphism f and every sub-

group H of G’ we have Diagram 1, where (fiz)* is an isomorphism. Hence, if we can
find a G-lattice M and an element o € H*(G, M) such that resc, a # 0, then

resc, fi () = (fijc,)" rese, a # 0,

for i = 2, 3, where C; = ker ; is the group generated by a2, b? and a?b?, fori = 1,2,3
respectively. Hence the element

(4) o+ fi(a) + fi(a) € H*(G,M & M2 @ M%)

is special, since non-trivial elements of Z(G) are the only elements of G of order 2.
The construction of the lattice M which works for the group C} in the above

sense is as follows. Let S| = indg1 Z be induced from the trivial Cj-module Z. If we

denote by x the character of the G-module Sy, then direct calculations show that

(x,x1) =4 and (x, x2) = (X, x3) = 0.

This means that there is a homogeneous component of the CG-module C ®y S; of
dimension 16, which contains quaternionic summands only. Moreover, since i is
not the character of a real module, by [10, Corollary 10.14] we get that 2y, is the
character of some QG-module. If p;: G — GL(32,7Z) is a permutation representa-
tion corresponding to the G-module S; (see below), then the procedure of finding
homogeneous components in representations, presented in [15, Section 2.6|, allows
us to find a basis of the submodule of S; with character 4y;. To be more precise,
16 columns of the matrix

- 2>,‘g§|” S om(@)m(e).

geG

B

up to multiplication by a rational constant, form a Z-basis of a pure Z-submodule
of S;, which admits a G action. If we denote this module by M then M = Z!©
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and computer calculations show that H?(G, M) = (a) ~ Z,. Moreover, resg a # 0
and the formula (4) defines a special element which corresponds to the torsion-free
extension
0—MoMPeMP —T —G— 1
Since the character of the G-module M & M/2 @ M7 is equal to 4(x1 + X2 + X3), it
must be faithful, c¢f. Table 1, and I' is a Bieberbach group.
The representation p; may be defined as follows:

ar P
b— P,
c— P,
d—

A~

113)(214)(39)(410)(521)(6 22)(7 11)(8 12) (15 24) (16 23)(17 26) (18 25) (19 27)(20 28)(29 31)(30 32) »
1324)(518617)(715816)(914 10 13)(11 24 1223)(19 30 20 20) (21 25 22 26) (27 3228 31) 5
15)(26)(318)(417)(720)(819)(926)(1025)(11 27)(12 28)(13 22) (14 21) (15 29)(16 30)(23 31)(24 32) »
1827)(315416)(519620)(9231024)(1114 1213)(17 30 18 29)(21 28 22 27)(25 3226 31) 5

i

where P, denotes the permutation matrix of degree 32 of an element s of S3,, the
symmetric group on 32 letters. With this specific representation a basis of the
module M consists of the elements

€1 —€2,63 — €4,...,€31 — €32,

where e; denotes the i-th column of the identity matrix of degree 32. In this case
the structure of the G-module M = Z! is given by the integral representation
pr: G — GL(16,Z) defined as follows

8,9,12,13
a— P(1 7)(25)(311)(46)(8 12)(9 13)(10 14) (15 16)

2,3,5,6,8,10,13,14
b P(l 2)(39)(48)(57)(612)(10 15)(11 13)(14 16)*
p245,7.9,10,11,13
C = 1213)(29)(410)(5 13)(6 14)(7 11)(8 15)(12 16)
d s pL6389:10.11,12,13
P 171 4)(28)(310) (5 12) (6 7)(9 15) (11 14) (13 16)

where the superscripts define rows of a permutation matrix which should be multi-
plied by —1. The cocycle & which defines non-zero cohomology class « in the group
H'(G,Q'"/Z'%) =~ H*(G,Z') is given by:

ar (0,4,0,0,0,1,4 11701 0,0,1,1 0)+ 2,
b~ (0,0,0,1,0,1,0,1,0,,0,4,0,4, 1, 1) 42,
cr(0,4,2,0,0,4,1,10,3,0,0,1,0,0,1) + 2,
d+ (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) + Z.

One gets that py(a?) = I, the identity matrix of degree 16, and that

~r2y_ (11 11 111111111111 16
ad)= (3533303300008 533) TL°%

hence res¢c, o # 0.
The calculations are presented in more detail on the web page [13]. U
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4. HOLONOMY GROUPS OF FLAT MANIFOLDS FROM THE CLASS HT

Let HT denote the class of holonomy groups of manifolds from the class HT. This
section is motivated by the search for further examples in HT. We will present some
necessary conditions for a group G to belong to H7T'. Then we will exclude certain
simple groups from the class H7T'. Finally, we comment on 2-groups.

4.1. Some necessary conditions.

Definition 4.1 ([16, Definition 4.2|). We say that a finite group is primitive if it is
a holonomy group of a flat manifold with first Betti number equal to zero.

Since the holonomy representation of any flat manifold with non-zero first Betti
is of non-quaternionic type, a group in HT is primitive. Moreover by [16, Theorem
4.1] a finite group is primitive if and only if no non-trivial cyclic Sylow p-subgroup
of G has a normal complement.

Example 4.2. By [16, Proposition 4.2| the following groups are non-primitive:
(i) metacyclic groups Ly, X L, (m,n) = 1;
(i1) the Borel subgroup Z, x Z,—1 C SLa(q), where q is power of a prime p;
(ii1) the group SLo(3) (it has a normal 3-complement).

Proposition 4.3. Let G € HT. Then all of the following hold:

1. G has even order.

2. G 1is non-abelian.

3. Z(Q) is an elementary abelian 2-group.

4. If p is a prime such that p | G and a Sylow p-subgroup of G is cyclic then G
does not have a normal p-complement.

. The Sylow 2-subgroup of G is non-cyclic.

. Put I(G):=|{g € G| g*> =1}|. Then

I(G)< > x(1) and 1(G) < |G|/2.
x€lrr(G)

- [{x € Ire(G) | va(x) = —1}| = 2.
. Suppose z € Z(G) with |z| = 2. Then there exist x,v € Irr(G) with va(x) =

va(¥) = =1 and x(2) = x(1),9(2) = =¢(1).

Proof. Ad. 1: Assume |G| is odd. By assumption the map g — ¢? is a bijection.
Hence 15(x) # —1 for any x € Irr(G). In fact 1(x) = ﬁdegx(gQ) =

S &

SRS

‘—adegx(g) = (x, 1). Here (,) denotes the scalar product of characters, and
1 the trivial character.

Ad. 2: The Frobenius-Schur indicator of every character of every abelian group is
equal to 0 or 1.

Ad. 3: Suppose that Z(G) contains an element z with |z| = 4 or |z| = p for some

odd prime p. Let @ be a faithful complex character of G. Then there is
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some irreducible constituent y of 1 such that z? is not in the kernel of y. As
reszc) X = X(1)A for some A € Irr(Z(G)), we obtain x(z) € C\ R. Hence
X # X and so G cannot have a faithful quaternionic representation.

Ad. 4: This is in fact a definition of a primitive group (see above).

Ad. 5: This follows from 4 and [17, Theorem 1].

Ad. 6: By [18, Lemma 2 on p. 252] and |1, p. 155|, if any of given conditions does
not hold then for every y € Irr(G) we have v,(y) = 1.

Ad. 7: The fact that the holonomy representation of a flat manifold with non-trivial
holonomy group is non-homogeneous is the main result of [12].

Ad. 8: By assumption there exists a faithful G lattice L and a special element
a € H?(G,L). If x(z) = x(1) for all x € Irr(G), then z is in the kernel of
C®gz L, i.e. z acts trivially on L, and we have a contradiction. Suppose that
x(z) = —x(1) for all x € Irr(G). Then z acts as —1 on C ®; L, hence z
acts as —1 on L. But then H?(G, L) cannot contain a special element, since
H?((z),res;,y L) = 0.

O

4.2. Some simple groups and their covering groups.

Lemma 4.4. Let G be a finite group and p a prime number. Let Oy (G) denote
the mazimal normal subgroup of order prime to p. Then O, (G) is contained in the
kernel of every x € Irr(G) in the principal p-block.

Proof. Follows from |6, Lemma (4.12)(ii)]. O

Lemma 4.5. Let G be a finite group and L be a G-lattice. If H*(G, L) contains
a special element then for every prime divisor p of |G| there exists a constituent of
C ®z L which lies in the principal p-block of G.

Proof. Follows from proofs of Lemmas 2.1 and 2.2.a of [§|. O

Proposition 4.6. The following groups do not belong to HT':
(i) SLa(F,), PSLy(F,), where q is a power of a prime;
(ii) A,,2.A,,S0,2.5,,n > 5;

(111) a perfect central extension of a sporadic simple group.

Proof. Ad i: These groups are excluded by Lemma 4.4, as all characters y with
va(x) = —1 satisty x(z) = —x(1) for z € Z(G), |z| = 2 and hence O, (G) ¢
ker y for any prime p # 2.

Ad. ii: Let n > 5. Then S, and A, do not have irreducible representations of
quaternionic type. For example all C-irreducible representations of S,, are
afforded by real representations, [10, page 56, Corollary 4.15|. Similar prop-
erties have irreducible C-representations of a dihedral group. For the alter-
nating group we shall use properties of complex irreducible representations
of symmetric groups and Clifford theory, see [10, page 79]. Let W be an
RS,,-irreducible module. We shall consider two cases.
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Case 1: Resf{;(W) ~ Vi @ V5 where the V; are irreducible. That means
(CeV1)®(CeVs) ~ Resy' (CoW). By Clifford’s Theorem the C®V;, i =
1,2 are irreducible i.e. the V; are absolutely irreducible
Case 2: V := Resi’;(W) is an irreducible RG-module.Then:
(i) C®V is irreducible. This means that V' is absolutely irreducible.
(i) C® V =U @ U. Since the index of A, in S, is equal 2, then by
[10, Corollary 6.19] U % U. By definition, we can conclude that
V' is of "complex type".
For the groups 2.4,, and 2.S,, we argue as in the proof of i.

Ad. iii: Assume first that G is simple. Using the Atlas [2] we find that 15(x) €
{0,1} for all x € Irr(G) except if G = McL and x € {x11, x13}- A calculation
in GAP [7] shows that x1; and xi3 do not belong to the principal 11-block
of G. Hence McL ¢ HT by Lemma 4.5. If G is non-simple, by Proposition
4.3.3 we get that G = 2.5 for a simple group S 2 McL (Schur multiplier of
McL is of order 3). Then G ¢ HT by Proposition 4.3.8. This concludes the
proof.

0

4.3. 2-groups. The following proposition shows the importance of the family of
2-groups in our investigation.

Proposition 4.7 (|14, Theorem 1] and [20, Satz|). If a finite group G is non-abelian
and all its non-linear characters have Frobenius-Schur indicator equal to —1 then G
1S a 2-group.

Proof. We follow [14, p.354]. Let G be a minimal counter example to the theorem.
First, since all non-linear irreducible characters have even degree, |17, Theorem 1]
shows that G has a normal 2-complement K. Let T be a Sylow 2-subgroup of G.
Then T' ~ G/K, therefore G and T have the same number of linear characters of
order 2 and all irreducible characters of 1" can be considered as characters of G. The
Frobenius-Schur formula

(5) I(G) = EXEIH(G')V2<X>X(]‘)7

shows that T" has at least as many involutions as G has. This is possible only if G
and 7 have the same number of involutions, and then (5) implies that all non-linear
irreducible characters of G are characters of T, which means that K is contained in
the kernels of all these characters. But then K =1 and G is a 2-group. O

Example 4.8. Let E be an extraspecial 2-group of order 221 m > 1. Then E/E’
is elementary abelian and there is a unique irreducible character of degree 2™ (see
[10, Problem 2.13]).

There are two non-isomorphic such groups and vy(x) = —1 in one of these copies
(if E is a central product of the quaternion group of order 8 and several dihedral
groups of order 8).
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In particular, E does not belong to HT' by the main result of [12].

Remark 4.9. Proposition 4.3 may be used to show that the group [64,245], defined
in the proof of Theorem 3.1, is the only group of order less than or equal to 64, which
15 the holonomy group of a flat manifold from the class HT.
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