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“He had discovered a great law of human action,
without knowing it — namely, that in order to
make a man or a boy covet a thing, it is only
necessary to make the thing difficult to obtain.”

Mark Twain (1835 — 1910),

I n t ro d u Ct i O n “The Adventures of Tom Sawyer”, Chapter 2

In the early 1970s, M. Sato introduced a-, b- and c-functions associated to prehomo-
geneous vector spaces |SST2|. Simultaneously and independently, J. Bernstein defined
b-functions as part of the construction of a meromorphic extension of a certain real
valued analytic function and proved that every polynomial has a non-zero b-function
[Ber71, Ber72|. This b-function is known as the Bernstein-Sato polynomial today.

B. Malgrange pointed out a strong relation between the Bernstein-Sato polynomial and
the local monodromy of a hypersurface given by a polynomial, if the hypersurface has only
isolated singularities. In this case, all eigenvalues of the local monodromy at the origin

are of the form e~27i

, where « is a root of the Bernstein-Sato polynomial [Mal74, Mal75|.
In 1976, M. Kashiwara showed that all roots of the Bernstein-Sato polynomial are nega-
tive rational numbers [Kas76|. Many special cases have been studied until T. Oaku gave
a first algorithm to compute the Bernstein-Sato polynomial of an arbitrary polynomial
in 1997 [Oak97c, Oak97a, Oak97b].

The focus of this work lies on algorithmical and computational aspects. One of the goals
of this work is to give a clearly formulated and easy to understand introduction to the
theory of b-functions.

We loosely follow the book by M. Saito, B. Sturmfels and N. Takayama [SSTO00| and
use techniques and methods proposed by M. Noro [Nor02]. We have implemented the
main algorithms in the computer algebra system SINGULAR [DGPS10], respectively its
subsystem SINGULAR:PLURAL |GLS10] designed for computations in non-commutative
polynomial algebras. The implementations are available in either one of the libraries
bfun.1lib [AL10|, dmodapp.1lib [LA10] or dmod.1ib [LMM10]|. These libraries are freely
distributed together with SINGULAR. All examples presented in this work were computed
using our implementations.

This work is structured as follows. We start in Chapter 1 by revisiting the theory of
non-commutative Grobner bases in G-algebras, studying fundamental properties of the
Weyl algebra and giving an algebraic definition of the terms b-function and Bernstein-
Sato polynomial. We will see that the computation of b-functions naturally splits up into
two steps: computing the so-called initial ideal and intersecting it with a certain subal-
gebra. Chapter 2 deals with initial ideal. Moreover, the notion of the Gel’fand-Kirillov
dimension is introduced. In addition, Chapter 3 is dedicated to the intersecting problem,
though in a somewhat broader framework. In Chapter 4, we investigate Bernstein-Sato
polynomials and prove Bernstein’s Theorem. We also examine the other parts of what
we call Bernstein’s data. Some of the many applications of b-functions are addressed in
Chapter 5. Finally, in Chapter 6 we describe the main procedures of our implementation
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and compare it with the existing ones in the computer algebra systems ASIR [NSTO06]
and the D-module package [TLO6] of MACAULAY 2 [GS05]. Moreover, we perform
experiments concerning certain approaches, we develop throughout this work.
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1 Basics

In this chapter, we introduce basic definitions and notations. Then we briefly revisit the
theory of non-commutative Grobner bases in G-algebras and study the most important
properties of the Weyl algebra. Eventually, we define b-functions and Bernstein-Sato
polynomials, which form the main point of interest of this work.

1.1 General notations

We use the notation N = {1,2,3,...} for the natural numbers, Ny := N U {0} for the
natural numbers including zero and Z = {..., —3,—-2,—1,0,1,2,3,...} for the integers.
The symbols Q, R, C stand for the fields of the rational, real and complex numbers,
respectively. By K, we always mean an arbitrary field of characteristic zero.

For v € K" for n € N, we denote the i-th component of v by v;, 1 <i < n. We further
set vw := Y"1 w;w; as the standard scalar product of v,w € R™ and |v| := > v; as
the length of v.

Given a ring R, which is not necessarily commutative, and a subset F' C R, we use the
notation (F) := g(F) := R - F for the left ideal , (F')g := F - R for the right ideal and
r(F)r:= R - F - R for the two-sided ideal in R generated by F.

By “ideal” and “module”, we mean left ideal and left module, respectively, unless stated
otherwise.

1.2 G-algebras and Grobner bases

Definition 1.1. Let A be a K-vector space with an additional binary operation - :
Ax A— A. One calls A a K-algebra if the following conditions hold for all a,b,c € A
and for all k£, € K:

One calls A associative, if additionally
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() (a-b)-c=a-(b-0)
and commutative, if
(f) a-b=10-a.

Definition 1.2. Let A, B be K-algebras. A homomorphism of vector spaces ¢ : A — B,
which also satisfies ¢(1) = 1 and ¢(a - a') = ¢(a) - ¢(a’) for all a,a’ € A is called a
homomorphism of K-algebras.

Lemma 1.3. Let A, B be K-algebras and ¢ : A — B a homomorphism of K-algebras.
Then the kernel of ¢, ker(¢) := {a € A | ¢(a) = 0}, is a two-sided ideal of A.

Proof. We note that ker(¢) is not empty since ¢(0) = ¢(0 + 0) = ¢(0) + ¢(0), hence
0 € ker(¢). Further, ker(¢) is closed under addition since ¢(a + a') ( )+ o(d)=0
for a,a’ € ker(¢). If a € ker(¢) and r € A, then ¢(r-a) = ¢(r) - ¢(a) o(a)-o(r) =

¢(a-r). Hence, r-a,a-r € ker(¢). O
Example 1.4. Consider n indeterminates xq,...,x, and the set of monomials (or
words)

M e {qux?& OCm

11 12 Z‘"L

1<i1,..yim <n,m,a; € No}.
Then the set

Fo i =K(zy,...,2,) = {Zaimi | a; € K,m; € M,m € N}
i=1

consisting of all finite K-linear combinations of monomials is an associative noncommu-
tative K-algebra with respect to the multiplication defined as concatenation, i. e.

aq am g B1 B ._ .o ﬁl B
AR R SO 4 =gt Ty .. T,
ai am .01 B
for zit ... afm 2l 2l € M.

One calls F,, the free associative K-algebra and its elements polynomials. We write
Mon(F,) instead of M for the set of monomials of F,.

Recall that a (strict partial) ordering on a set M is an irreflexive and transitive (and
therefore asymmetric) relation on M.

Definition 1.5. Let M be a set.

(a) An ordering < on M is called a total ordering, if either m < m’ or m’ < m holds
for all m,m’ € M, m # m/'.

(b) A total ordering < on M is called a well ordering if every non-empty subset of M
has a least element with respect to <.
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(c) A total ordering < on Mon(F,) is called a monomial ordering if it is compatible
with the multiplication in the following sense: For all f, g € Mon(F,) it holds that

(i) f <gimpliesp- f-p' <p-g-p forall p,p’ € Mon(F,).
(i) f f=p-g-p and f # g, then g < f.

In this situation, any 0 # f € F,, can be uniquely written as f = ¢-m + f’ such
that 0 # ¢ € K and m’ < m for any monomial m’ occurring in f with non-zero
coefficient. We then call Im(f) := m the leading monomial of f.

Example 1.6. The standard ordering < on R is a total ordering. But it is not a well
ordering, since for instance {+ | n € N} or R itself each have no least element. If we lift
the standard ordering componentwise to R”, i. e. we define an ordering <., by v <.y w
if v; < w; for all 1 < i < n, then <., is not even a total ordering, since for instance in
the case n =2, (1,0) and (0,1) are incomparable.

Note that for a two-sided ideal T' C F, the quotient F, /T is itself a well-defined K-
algebra.

Definition 1.7. Let T'C F,, be a two-sided ideal, generated by elements of the form
TjT; — Ci3TiT5 — dij; 1< <j <n,

where 0 # ¢;; € K and d;; € F, is a polynomial involving only standard monomials, i. e.

monomials of the form x7"z5* ... x%m. The factor algebra

A= fn/T =: K<ZL’1, vy Ty ’ {ZL’]’ZL’Z' = CijTiT; +dl] | 1<y <] < TL})
is called a G-algebra if the following two conditions hold:

(a) Ordering condition: There exists a monomial ordering < on Mon(F,) such that
Im(d;;) < z;xj forall 1 <i<j<n.

(b) Non-degeneracy condition: For all 1 <1i < j < k < n it holds that
Cikcjk . dijxk — Ikdij + Cjk . xjdik — Cij . dikilij + djkxi — cijcik . xidjk =0.

A G-algebra is said to be of Lie type if ¢;; =1 forall 1 <i < j<n.

By convention, in the notation K(xy, ..., 2, | {z;z; = ¢jjziz; +di; | 1 <i < j < n}) we
will only mention the non-commutative relations and omit the commutative ones.

Example 1.8.

(a) By setting ¢;; := 1 and d;; :== 0 for all 1 <14 < j < n, we obtain the commutative
polynomial ring K[z1, ..., z,].
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(b) The G-algebra D,, in 2n indeterminates defined by ¢;; = 1 and d;j = 6j1pn; =

Lo
JZIEM porall 1 < i < j < 2n s called the n-th Weyl algebra over K.
0 7#i+n

We will take a closer look at the Weyl algebra in the next section. For now, we focus on
G-algebras in general.
Theorem 1.9 ([Lev05, Theorem 1.4.7.]). Let A be a G-algebra.

(a) A is left and right Noetherian.

(b) A is an integral domain.

(c) A has both left and right quotient rings.

It follows from (a) that every left (or right or two-sided, respectively) ideal in a G-algebra
is finitely generated.

Theorem 1.10 ([Lev05, Lemma 1.2.2.]). Let A be a G-algebra in n indeterminates
x1,...,Z,. Then A has a Poincaré-Birkhoff-Witt basis (or PBW basis for short), i. e.
A is generated as a K-vector space by the set {2 | aq,...a, € Ng} of standard
monomaials.

Throughout this work, we will make frequent use of multi-index notations, meaning we

will simply write z* for the standard monomial z{* ... z%".

Definition 1.11. As an important consequence of Theorem 1.10, we obtain the result
that any non-zero element f of a G-algebra A can be uniquely written in terms of
standard monomials:

f= Z cax®, o € K.
We then call
deg(f) = max{lo] | co # 0}
a€eNg

the (total) degree of f and more general, for a given 0 # w € R", we call
deg,,(f) := 5&%15{; wie | ¢o # 0}

the weighted (total) degree of f. As a convention, we put deg, (0) := deg(0) := —oc.
Definition 1.12. Let A be a G-algebra.

(a) Adopting Definition 1.5(c), a total ordering < on the standard monomials of A is
called a monomial ordering if z* < z° implies " < 2°*7 for all o, 3,7 € N2,

(b) A global ordering is a monomial ordering < satisfying 1 < z® for all 0 # a € N.

(c) We say that 2% divides z°, if a <., 3 and denote it by z® | 2°.
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Example 1.13. The two following examples are both global orderings.

e The lexicographical ordering defined by ¢ < 27 if there exists 1 < i < n such
that oy = B1,..., 1 = Bic1, o < ;.

e The degree reverse lexicographical ordering defined by % < gegreviex 2° if || < |3
or |a| = |4] and there exists 1 <1 < n such that a,, = Gy, ..., @1 = Bit1, 0 > fi.

Definition 1.14. Let A be a G-algebra.

(a) If <isamonomial ordering, any 0 # f € A can be uniquely written as f = c-x“+ f
such that 0 # ¢ € K and 2 < 2 for any non-zero term ¢ - 2 of f'. We then call

Im(f) :=z® the leading monomial of f,
le(f) :=¢c the leading coefficient of f,
le(f) =« the leading exponent of f

and It(f) :=c-a% the leading term of f.

(b) For any subset F' C A, the K-vector space
L(F):=K-{lm(f) | fe F} C A
is called the span of leading monomials of F.

(c) Anelement f € A is called reduced with respect to a subset S C A, if no monomial
in f is contained in L(S).

If we have to deal with more than one ordering at the same time, we write Im_(f)
instead of Im(f) etc. in order to avoid confusion.

Lemma 1.15. A monomial ordering on a G-algebra A is a well ordering if and only if
it is a global ordering.

Proof. Let < be a monomial well ordering on A and let 2* be the least standard mono-
mial with respect to <. Suppose 2* < 1 = 2°. Then 2*+tD* < 2 for all k € N, since <
is a monomial order. But ... < 2*+DA < 2k < 22 < 20 = 1 is an infinite descending
sequence, which contradicts that < is a well ordering.
Conversely, let < be a global ordering on A and let ) # S C A. Consider £(S) :=
{le(s) | s € S} C Nj. By Dickson’s Lemma (e. g. [GP08|) there exists a finite subset
M C L(S) such that for all g € £(.S) there is an element o € M with a <, . Without
loss of generality, we may assume M = {a® o® .. o™} such that 22" < 22 <
<22 Let s € S with Im(s) = 2% Then there exists some i, 1 < i < m, such that
a) <.y @, i. e. there exists v € NI such that a¥ +~v = a. Thus, 1 = 2° < 27 and < is a
monomial ordering yield g < ge < pay — ga Hence, we have p < sforany p € S
with le(p) = oM. Proceeding the same way with S’ := {p —1lt(p) € S | le(p) = aV},
we inductively find the least element of S, since any polynomial in A has only finitely
many terms. O
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Definition 1.16. Let < be a global ordering on a G-algebra A. Further let I C A be
a left ideal and () # G C I a finite subset. G is called a (left) Grobner basis of I with
respect to < if for every 0 # f € I there exists g € G such that Im(g) | Im(f).

A Grobner basis G is called reduced, if for all g,¢" € G, g # ¢/, the following conditions
hold:

e lc(g) =1,
e 0 ¢ G and Im(g)  Im(g'),
e Im(g) t m for every monomial m in ¢' — 1t(¢g’).

We emphasize that we explicitly require well orderings in the definition of Grébner bases.

Theorem 1.17. Let A be a G-algebra, < a global ordering on A and I C A an ideal.
Then there exists a Grobner basis of I with respect to <.

We refer to [Lev05] for a proof and algorithms.

Definition 1.18. Let G be the set of all non-empty finite ordered subsets of a GG-algebra
A with respect to a global ordering <. A (left) normal form on A is a map

NF:AxG— A, (fG)— NE(f,G)
satisfying the following conditions for all f € A, G € G:
(a) NF(0,G) = 0.
(b) NF(f,G) # 0 implies Im(NF(f, G)) ¢ L(G).
(c) f—=NF(f.G) € a(G).

A normal form NF is called reduced with respect to G € G if NF(f, G) is reduced with
respect to G in the sense of Definition 1.14(c) for all f € A.

Lemma 1.19. Let A be a G-algebra, I C A an ideal and G C I a Grobner basis of I.
(a) For f € A, we have f € I if and only if NF(f,G) = 0.
(b) If NF(-, Q) is reduced, then it is unique.
(c) If NF(+, G) is reduced, then it is K-linear.

Proof.

(a) IENF(f,G) = 0, 1.18(c) yields f € (G) = I. I NF(f,G) # 0, then Im(NF(f, G)) ¢
L(G) = L(I) by 1.18(b), and hence NF(f,G) ¢ I. Thus, f ¢ I by 1.18(c).
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(b) Let f € A and let r, 7" be two reduced normal forms of f with respect to G. Using
1.18(c), it holds that (f —r) — (f — ') = " —r € I. Suppose that r # r’. But
then lm(r' —r) € L(I). Since lm(r’ —r) is a monomial of either r or 7/, this normal
form is not reduced, which contradicts the assumption.

(c) Let f,g € A, k € K. By 1.18(c), we have that

kf+g9g— NF(kf+g,G) €I and
K(f— NF(f,0) +g—NF(g,G) = kf +g— kENF(f,G) — NF(g,G) € I.

But then also p := NF(kf+g,G)—(kNF(k,G)+NF(g,G)) € I, which is possible
if and only if p = 0 because NF(-, ) is reduced by assumption. m

Definition 1.20. Let A be a G-algebra, 0 # f, g € A with Im(f) = 2* and Im(g) = 2°.
Further, consider v € Njj defined by ~; := max{ay, §;} for all 1 <i <mn. We then call

le(z7f) 0

spoly(f,g) := 27" f — e 7g)

9

the (left) s-polynomial of f and g.

The following theorem gives a collection of characterizations of Grobner bases. We refer
again to [Lev05| for proofs.

Theorem 1.21 (Characterization of Grobner bases). Let A be a G-algebra,
I C A anideal and G = {¢1,...,9s} C I a set. Then the following statements are
equivalent:

(a) G is a Grobner basis of 1.
(b) NF(f,G)=0forall f eI

(c) Each f € I has a standard representation with respect to G, i. e. there exist
ai,...,as € A such that f can be written as

f= Z ;9
i=1

where Im(a;g;) < f and a;g; # 0 for all 1 <i < s.
(d) Buchberger’s Criterion holds: NF(spoly(gi,g;),G) =0 forall 1 <i,5 <s.
(e) The equality L(I) = L(G) holds.

Dealing with non-commutative algebras, the notion of the Lie bracket can be quite
useful.
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Lemma 1.22. Let A be a G-algebra. For two elements f,g € A, we denote the Lie
bracket of f,g by [f,g] := fg — gf. The Lie bracket is bilinear, alternating and fulfills
the Jacobi identity, 1. e. [f,[g, h]] + [g, [h, f]] + [h, [f,9]] = 0 for all f,g,h € A.

The following Generalized Product Criterion is useful both in theory and practice.

Lemma 1.23 (Generalized Product Criterion [LS03]). Let A be a G-algebra of
Lie type and f,g € A. If Im(f) and lm(g) have no common factors, then spoly(f, g)
reduces to [f, g] with respect to the set {f, g}.

1.3 The Weyl Algebra

Recall from Example 1.8(b) that the n-th Weyl algebra over K is defined to be the
G-algebra

D, = K<xl7_,,7xmal,...,an ‘ {8133] :xj8i+(5ij | 1<4,g Sn}>

As mentioned above, we will make use of multi-index notation. In case of the n-the
Weyl algebra, we will abbreviate 28 ... 22" by 2* and analogously 87' ... 9% by 9°. In
the case n = 1, we will simply write z and 0 instead of x; and 0;.

Lemma 1.24. In the first Weyl algebra we have for all 4,7 € N

min(i,j

) g
. 1! ]' i—kai—k
2.0 J 3
0'v) = ];0 k) = k)!x 0. (1.1)

Proof. We prove the lemma by induction on 7 and j.
First, let ¢ = 1. Then (1.1) can be written as

Ox! =270 + jai =t (1.2)

For j = 1, there is nothing to show. Assume (1.2) holds for j. Using dz = z0 + 1, we
obtain

Ox7 ! = 027z = (270 + ja’ V)x = 270z + ja’ = 27 (20 + 1) + ja’
= 29+ (j + 1)l

Hence, (1.2) holds by induction.
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Now, assume (1.1) holds for i. We have

Ol = 9(0'?)

_ mﬁj) il - j' or Jj— kaz k
kU (i = k) (= k)t

B min(s,5) il - j' j—k . j—k—1 i—k
— Z WGk (j—k)'(x d+(j —k)x )0
_mm ,5) gl . ]' ik i1k

2w im gt ?

e il - ! . i—k—1 oi—k

+ Z G —k (j—k)!<‘7_k)xj 0

Considering the second sum, we note that the last summand equals zero if and only if
min(i, j) = j. So we may express this by using the Kronecker symbol §; .

min(i,j
Z' J' . i—k—1 qi—k
— k)a’ 0"
Z e T R

k=0

) min(i,5) Sip il g! LI—k=1gi—k
et k(i = k) (G — k= 1)

B min(z,5)+1 5j7k71 <l gl pi—kgitl=k
2o (=Dl (i+1—R)-(j— k)

Considering both sums again, we get

o 8 mingig) - 4! - !
az+1 J — ]az+1 Jjomin(4,5) jfmm(z,y)flazfmln(z,])
CT T GninGi ) G - minGi, ) (- minGi,j) - DU
mm(”)( il ! il ! ) j—kgiti=k
+ + ‘ . A
- TGk D) G LR — k)
min(z,5) . .
. ) j il - j‘ (t+1—=Fk)+d-4'-k ., .
— ]az—l—l J,min(i,j) j—i—1 ]—kaz—i—l—k
‘ G—i—n° 7 Z Gr1—R)-G -k "
mln(l] .
o ) J! (t+ 1) 4! ki1
— ]az+1 Jmln(lj) ] i—1 J kaerl k
v G—i—1)! * Z Ko G+1—k)-(G— k)
min(i+1,5) .
Z (i +1)!- ! Lk itk
NG+ 1=k (j—F) ’

which concludes the proof. O]
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The lemma gives rise to a nice and useful identity.

Corollary 1.25. In the n-th Weyl algebra we have the following identity for p €
K[z, ..., x,]:
dp

aflfi’
9p

where z stands for the formal partial derivative of p with respect to ;.

[ai p] =

Proof. Let p = ZT:O cjxf, where ¢; € K[zy,...,2i_1,%i41,...,2,]. Then we obtain by
using equation (1.2)

m - A - m ) m - dp
L i1 . 1
Oip = chaixf = ch(x‘g@i +jxl) = chx‘g@i + Z]cjxf = p0; + P
7=0 7=0 7=0 7=0
which was to be shown. O

Corollary 1.26. In the first Weyl algebra, let § := x0 be the Fuler operator. Then
we have for all m € N the identity

Proof. For m = 1, there is nothing to show. Suppose the claim holds for m € N. Then
Equation (1.2) implies

g™ = 290" = x(0x™ — ma™ O™ = x02™ 0" — ma™ O™

m—1 m
=@ -m)[[0—i)=]]0O-9.
i=0 i=0
Hence the claim follows by induction. ]

Corollary 1.27. In the first Weyl algebra, 270" can be written as p-x for some p € Dy,
it >

Proof. Let 6 := z0. By Equation (1.2),

™0 — k) = 210 — ka™ = 02 — (m + 1)a™ — ka™

=0x—m-—1—=k)a™ =(0—m—k)z™

for all m, k € N. Since j — ¢ > 0, applying Corollary 1.26 yields

i—1 i—1
210" = 7719 = 27 H(9 —k) = (H(9 —j+i— /f>> it O

k=0 k=0
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Remark 1.28. By Theorem 1.10 any p € D,, can be written in the form

p= Z cagxaa’g,

a,BeNy

where ¢,3 € K such that c,3 # 0 for only finitely many pairs («, 5). Therefore, there
exists a natural isomorphism v’ of K-vector spaces between the commutative polynomial
ring in 2n indeterminates, K[z, 0], and the Weyl algebra, given by

V' K[z,0] — D,, 2°0° s 20"

In order to avoid irritating notations when dealing with partial derivatives with respect
to 0;, we relabel J; to & when necessary. Formally, instead of v’ in the Remark above,
we consider ¢ : K[z, &] — Dy, 29" — 229°.

Using this isomorphism, we can formulate the Leibniz Rule for efficient computation in
D,, as a generalization of Lemma 1.24.

Theorem 1.29 (Leibniz Rule).
Let 9 be the isomorphism from the previous remark. For f, ¢ € K[z, &], we have

1 orFf ok

keng L n

Proof. Both sides of the equation are K-bilinear. Hence it suffices to prove the claim for
monomials, say f = 2%8, g = 27¢°. Then we have

U(f) - d(g) = 2(97 - 27)8’.
On the other hand,

1 M (x€%) 9 (a7€)
Ezkm-~k4'¢< gk ok >

keNp

_ o 1 o~(&%)  0Ma7) 5

keNp

Hence we can assume that f = ¢% and g = 27. Further,

n

W(E) p@?) = (& g vl = Tt - vl

and

1 oFf g\ 1 1 okgl Ohial
2 Rl 1”(%%) =112 m'ﬁ/’(—agi )

kENp
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Thus, it suffices to prove the case n =1, i. e.

- 1 (Oh¢ ko
) — . .
I k! ¢<3§k axk>'

keNy

Using the well known identity for the k-th derivative of a monomial in one indeterminate,

we obtain
(e N1 e —
= k! ock  Oxk pr k! (i —k)! (j —k)!
min(z,5) il j'
_ : Zikgik
; El-(i—k) - (j—k)!
The claim then follows by Lemma 1.24. O]

As an immediate consequence of the Leibniz Rule we get the following result about the
total degree.

Corollary 1.30. For all p,q € D,,, we have deg(p - q) = deg(p) + deg(q). Moreover,
the Weyl algebra is a domain.

Proof. Examining the Leibniz Rule, the summand of maximal total degree is the one for
k =0, namely (¢ "*(p)1"1(q)). Since the degree is invariant under v, we have reduced
the claim to the commutative case, where its correctness is known. The second claim
follows from the first one using the degree argument. O]

Corollary 1.31. The group of units of D,, equals K* := K\ {0}.

Proof. Every k € K* is a unit. Let p,q € D,, such that pg = 1. Then 0 = deg(p)+deg(q)
by Corollary 1.30. Since deg(p),deg(q) > 0, we have p, ¢ € K*. ]

Theorem 1.32. The Weyl algebra is simple, i. e. {0} and D, itself are the only
two-sided ideals in D,,.

Proof. Let I C D,, be a non-zero two-sided ideal. Then there exists an element 0 £ p € [
such that &k := deg(lm(p)) < deg(lm(q)) for all ¢ € I for some fixed ordering. If k =0,
then p € K and thus I = D,,. So, assume k > 0. Let lm(p) = 29°. If a; # 0 for some
1 < i < n, then Corollary 1.25 yields 0 # % = [0;,p] € I and deg(Im([d;,p])) < k, which
contradicts the minimality of k. Hence o = 0. But then 3; # 0 for some 1 < i < n.
In this case z; and p do not commute, i. e. 0 # [x;,p] € I and deg(|z;,p]) < k, again
contradicting the minimality of k£ to conclude the proof. n
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Corollary 1.33. Let A be a non-zero K-algebra and ¢ : D, — A a homomorphism of
K-algebras. Then ¢ is injective.

Proof. Since kernels of homomorphisms of K-algebras are two-sided ideals by Lemma
1.3, and D,, is simple, it follows that ker(¢) = {0}. O

Remark 1.34. The famous Dizmier conjecture |Dix68| states that every endomor-
phism of the Weyl algebra is surjective, and hence because of the previous corollary, an
automorphism.

1.4 Global b-functions

Definition 1.35. Let 0 # w € R%,. For a non-zero polynomial

p= Z caga:aaﬁ e D,
a76

we call

in(_mw) (p) = Z cagx“(?ﬁ.

a,B: fwa+w[3:deg(7,w’w)(p)

the initial form of p with respect to (—w,w). We further set in(_, ., (0) := 0.
This definition extends in a natural way to a set of polynomials F' C D,,:

N —w,w) (F) = {inwuw)(p) | p € F}
is called the initial form of F with respect to (—w,w).

Definition 1.36. Let 0 # w € R%;, and I C D,, be an ideal. For s := >""  w;z;0;
we consider the intersection in(,w,w)_(l ) N K[s], which is an ideal in the principal ideal
domain K[s|. Its monic generator by ,,(s) is called the global b-function of I with respect
to the weight w.

In order to see, that in(_,, (/) NK[s] is indeed an ideal, we refer to the next chapter. It
is known that the global b-function of an important class of ideals (so called holonomic
ones) is non-zero — independent of the choice for the weight vector. We will prove this
in Chapter 3.

Example 1.37. Consider the second Weyl algebra Dy = K(z,y,0,,0, | {0,y =
yo, + 1,0, = 20, + 1}) and the ideal I = (3220, + 2y0,, 220, + 3yd, + 6) C Ds.
This is the annihilator of ﬁ, where z,y act via multiplication and 0, and d, act
via partial derivation with respect to x and y, respectively (see also Chapter 4). We
compute the global b-functions of I with respect to the weights (1,0),(0,1) and (2, 3)
using SINGULAR. Each output is a list consisting of the roots of the global b-function

and their corresponding multiplicities.
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LIB "bfun.lib"; // load the library
ring r = 0, (x,y,Dx,Dy),dp; // create commutative ring
def D2 = Weyl(); setring D2; // create Weyl algebra
ideal I = 3*x~24Dy+2*y+*Dx, 2%x*Dx+3*y*Dy+6; // define ideal
intvec w = 1,0; bfctIdeal(I,w); // define w and compute by,
==>[1]
==> _[1]=0
==> _[2]=-3/2
==>[2]
==> 1,1
w =0,1; bfctIdeal(I,w);
==>[1]:
==> _[1]=0
==> _[2]=-4/3
==> _[3]=-2/3
==>[2]:
==> 1,1,1
w = 2,3; bfctldeal(I,w);
==>[1]
=> _[1]=-6
==>[2]
==> 1
Hence,
3 4 2
brao(s) = s(s + 5), bro1)(s) = s(s + g)(s + g)7 br(23)(s) = s + 6.

One way to define a b-function for a polynomial is to apply the global b-function for a
specific ideal and a specific weight vector.

Definition 1.38. For a polynomial f € Kz, ..., z,] the ideal

_ of of
Ip = (t f’al+ax18t""’a”+axn

in the (n 4 1)-th Weyl-Algebra D,,(t, ;) is called the Malgrange ideal of f.

) C D, (t,0)

Definition 1.39. Let f € K[zy,...,z,], I; be the Malgrange ideal of f and w =
(1,0,...,0) € R*™! such that the weight of d; is 1. Then

bf(S) — (_1)deg(b1f,w)blf’w(_s _ 1)
is called the global b-function or the Bernstein-Sato polynomial of f.

As of yet, it seems that the substitution of s by —s—1 in the definition of the Bernstein-
Sato polynomial does not make much sense. We will see the reason for it in Chapter 4.
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Example 1.40. Let us calculate the Bernstein-Sato polynomial of the zero polynomial.
The Malgrange ideal Iy = (t,0) € D:(t,0;) equals in(_, (lo) for w = (1,0) and
O,-t =t0; +1 € Iy. Hence, the b-function of I, with respect to w equals s + 1 and thus,
bo(s) = s.

Now, let us determine the Bernstein-Sato polynomial for a constant 0 # ¢ € K. Since
t —c € Iy, we have —c = In(_y ) (t — ¢) € in_yuw) (L) for w = (1,0) and we conclude
that b.(s) = 1.

Example 1.41. Consider f := 23 — y? € K[z,y]. We compute the Bernstein-Sato
polynomial of f.

LIB "bfun.lib";
ring r = 0,(x,y),dp;
poly £ = x~3-y~2;

bfct(£f);
==>[1]:

==> _[1]=-1
==> _[2]=-5/6
==> _[3]=-7/6
==>[2]:

==> 1,1,1

Hence, bp(s) = (s +1)(s + 2)(s + %).

The goal of the following chapters is to carefully explain how the procedures bfctIdeal
and bfct used in Examples 1.37 and 1.41, respectively, work. Since the Bernstein-Sato
polynomial is a special case of the global b-function of an ideal, we will deal with the
latter first.

Following its definition, the computation of the global b-function of an ideal I C D,
with respect to a weight w can be tackled in two steps:

(a) Compute J := in_yw)(1).
(b) Compute the intersection of J with the subalgebra K[s].

We will discuss both steps separately, starting with the computation of in(_, () in
Chapter 2, while Chapter 3 is dedicated to the intersection problem. Then Chapter 4
entirely concerns Bernstein-Sato polynomials before we eventually turn our attention to
some of the interesting applications of b-functions in Chapter 5.
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In this chapter, we define what an initial ideal is and we investigate how to compute it.
We do this in a somewhat bigger framework than needed to compute the global b-function
of an ideal. However, there are interesting applications related to the global b-function
which require this more general setting.

2.1 Filtrations and gradings

Definition 2.1. A filtered ring is a ring R together with a family F := {F; | i € Z} of
subgroups of the additive group of R such that the following conditions hold:

(a) F;- F; C Fyyjforalli,j € Z,
(b) F; C Fjforalli < jeZ, and
(¢c) R=U F.

€7

The family F'is called a filtration of R.

Example 2.2. Consider the finite dimensional vector space of elements in K[z, . .., z,]
of total degree at most k, Fy := {p € K[z1,...,2,] | deg(p) < k}. Note that F, = {0}
for all k£ < 0 since deg(0) = —oo by convention and 0 is the only polynomial of negative

degree. Then F := {F} | k € Z} is a filtration on K[z1, ..., z,], the degree filtration.
Similarly, the degree filtration on D,,, obtained by substituting K[z, ..., z,] with D,, in
the definition above, is also called the Bernstein filtration.

Definition 2.3. We call a non-zero vector (u,v) = (uy,...,Un,v1,...,0,) € R*" a
weight vector for the Weyl algebra D,, if u; +v; > 0 for all 1 <7 <n.

Throughout this work, we will suppose that w; is the weight for the generator x; and
v; is the weight for the generator 0;. We will see the reason for not permitting weight
vectors with u; + v; < 0 for 1 <7 <n in Remark 2.9 below.

An important generalization of the Bernstein filtration is the V-filtration.

Example 2.4. Let (u,v) € R* be a weight vector and for all m € Z consider the set
Vi == {p € Dy | deg,, (p) < m} of all elements of D,, whose total weighted degree
does not exceed m. Then V := {V}, | m € Z} is a filtration on D,,, the V -filtration with
respect to (u,v).

22
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Definition 2.5. A graded ring is a ring R together with a family G = {G; | i € Z} of
subgroups of the additive group of R such that

(a) Gi-G; C Giyjforall i, j € Z, and

(b) R=&pG;.
1E€EL
The family G is called a grading of R.
In this situation, any r» € R can be uniquely written in the form r = %"._, g; for some
g; € G;. The element g; is called the i-th homogeneous component of r. Moreover, r
is said to be homogeneous if r consists of only one homogeneous component, i. e. there
exists some i € Z such that r € G;.

Remark 2.6. Any graded ring R =
where F; = B,; G;.

Conversely, let Rp be a filtered ring with filtration F' = {F; | i € Z}. We construct a
graded ring gr(Rp) as follows. Set

.z, Gi has a natural filtration F' = {F; | i € Z},

Gum = F,/Fn1, meZ, and gr(Rp) :== @Gm.

meZ

To define a multiplication in gr(Rp), it suffices to consider homogeneous elements. If
r € F,, and r ¢ F,, 4, then r is said to have degree m and [r] = r + F,,_1 € G,, is the
leading term of r. Suppose s has degree m'. We set [r] - [s] :== 75 + Frim—1 € G-
This multiplication is well-defined since

[rs] ifrs ¢ Foim 1
[r] - [sl = .
[0]  otherwise.
The ring gr(Rp) obtained with respect to this multiplication is called the associated
graded ring of Rp.

Example 2.7. Consider the V-filtration from Example 2.4 and let gr(, , (D,) denote
the associated graded ring of D,, with respect to this filtration. It holds that

x; € Vul \ Vui—la & € ‘/;]Z \V;,i_l and 1el \ V_i.

We have [z;][0;] = 2;:0; + Vi, 40,—1 and [0;][z;] = Osx; + Viyw,—1 = 20 + 1+ Vi, 1.
Assume, u; +v; > 0. Then u; + v; — 1 > —1 and thus [0;][x;] = z;0; + Vi, 1v,—1. Hence
[z;] and [0;] commute in gr, ,,(Dy).

Now let w; +v; = 0. Then [0;][z;] = z;0; + 1 + V_1. Hence [z;] and [0;] do not commute.
This implies that

gr(u’v) (Dn) = K<.I'1, vy Iy, 81, e ,8n | {@:cj = xj@' + 5l',j5’ui+’0i70}>'
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In particular,

& (u0)(Dn) = Kz, 0] if 0 <cwu+vand
8 () (Dn) = Dy, if 0=u+wv, i e u=—o.

Remark 2.8. Let R be a graded ring. A (left) ideal I of R is called a graded (left)
ideal if all the homogeneous components of each element of I also belong to I, i. e. [
can be generated by homogeneous elements.

Now suppose that R is a filtered ring with filtration /' = {F; | i € Z}. Associated with
any left ideal I of R, there is a graded left ideal gr(I) of gr(R) which is defined by setting

(gr())n == I+ Fo) N Fy/Fosy € Fy/Fy and  gr(D) = @ (gr())n.
Note that (I + F,—1) N E,/Fy 2 INF,/INE,_. If [a] € (gr({)), and [r] € (gr(R))m
then [r]la] = ra+ Fpin-1 € (I + Fpin-1) N Foin/Frin_1. This shows that gr(I) is
indeed a left ideal of gr(R).

Remark 2.9. Recall that the Weyl algebra is defined as the free associative algebra
K(z,d) modulo the two-sided ideal of relations 7" = (Q;z; — z;0; — ;5 | 1 < i,j < n)
(Example 1.8(b)). The V-filtration with respect to (u, v) on D,, as defined in Example 2.4
is induced by a corresponding filtration on the free associative algebra. Assume we have
a weight vector (u,v) with u; +v; < 0 for some 1 < ¢ < n. Then 0;z; —z;0; — 1 € K(z, d)
is inhomogeneous of degree 0 with highest homogeneous component —1. Thus, we have
1 € gry,,(T) and therefore, gr(, ,(Dn) = gr(,.)(K(x,0))/ gr(,. (T) = {0}. Hence,
these weights are not interesting for us.

Recall that we have introduced the notion of initial forms with respect to a weight vector
(—w, w) in Definition 1.35. The following definition generalizes this concept to arbitrary
weight vectors for the Weyl algebra.

Definition 2.10. Consider again the V-filtration with respect to the weight vector
(u,v). For a non-zero polynomial

p= angx"‘(?ﬁ e D,
a?ﬁ

we call

iy (p) = > Capr®0” € gy (D)
a,B: ua+vﬁ:deg(u,v)(p)

the initial form of p with respect to (u,v). For the zero polynomial, we set in,.(0) := 0.
For an ideal I C D,,, we call the K-vector space generated by all initial forms of elements
of I with respect to (u,v),

i) (1) == K- {inu(p) [p € I} C gr(u,v)(Dn)7

the initial ideal of I with respect to (u,v).
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We need to show that the initial ideal carries its name for a reason.

Lemma 2.11. If I is an ideal in D,, then ing,,) (/) is an ideal in gr(,, (D,) and
8T (y0) (1) = iy ) (1) holds.

Proof. The latter claim follows from the first one by definition.

We set mﬁjj] =t x?j for 1 <i < j < n. Without loss of generality let u; +v; = 0
for 1 <i<mand u; +v; >0 for m +1 < j <n. Further, let p € I and r € D,, be
(u,v)-homogeneous. Then we can identify r with its canonical projection in,.(r) onto
&% (y0)(Dn). We consider monomials 2°9% and 279° of r and in(,,)(p), respectively. By
Example 2.7, z; and 0; commute in gr, , (D) for m +1 <4 <n. Thus, in gr, (Dy)
it holds that

a ) a+ 6+6 « 3 )
2207 270" = w1 O Ot T O

Applying the Leibniz Rule (Theorem 1.29) shows that any monomial in xﬁmaﬁ m

x&vm]aﬁvm] has the form

ok gl Ok €0 o ores oFx7
U\ a3 A =Tm V| Sor A e
O m  02F pm) ’ X 1y OF [1m)

Let us analogously denote wy; j := (w,...,w;),1 < i < j < n, for w € R™. It follows
that the weighted total degree with respect to (u, v) of each term in xﬁ’m} 0[51 m] 1 (1m] 851 0 m]
equals

upm) (@ + V) m — k) + vpm ((6 4+ B)j1m) — k)
=u,m) (@ 4+ 7)m] + Vpm (0 + B)pm — k(w4 0)[m
=t m) (@ + ) m) + Um0 + B) 1 m)-

Since we also have

( o+ 8ﬂ+6 )

deg(u,v) [m+1,n]~[m+1,n]

Ulm+1,n] (o + ”Y)[m+1,n} + Vpm+1,n] (6 + 5)[m+1,n]

it follows that

deg(w)(xo‘@ﬁ 270 = u(a +7) +v(6 + ).

Thus, r-in(,.)(p) is (u, v)-homogeneous of degree deg, , (1) +deg ., (p) and r-ing, ) (p) =
in(u,v)(r -p) - in(uyv)(l). ]

Note that we have already encountered an initial ideal in the definition of the global
b-function (Definition 1.36), namely in the special case where the weight vector (u,v) is
of the form (—w,w). In this case the associated graded ring is isomorphic to the Weyl
algebra according to Example 2.7, allowing us to identify D,, and gr(_ij)(Dn), which
subsequently justifies that we have not mentioned graded rings earlier. We will keep the
practice of identifying D,, and gr(_,, (D) below. Moreover, now it is clear, that the
intersection in(_ ) (/) N K[s] in Definition 1.36 is indeed an ideal in K[s].
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2.2 Gel'fand-Kirillov dimension

A crucial tool in the study of D-modules is the Gel’fand-Kirillov dimension. In this
section, we define it and give a couple of its properties, which will be vital later on. Let
us start by revisiting filtrations.

Definition 2.12. Let R be a filtered ring with filtration F' = {F; | i € Z}. A filtration
of a (left) R-module M is a family {M; | i € Z} of subgroups of M satisfying

(a) MZ g M] for ¢ <j,
(b) F;M; C M,y ; for i,j € Z, and

(©) UM, =M.

€7
A module with a filtration is called a filtered module.

Remark 2.13. Given afiltered ring R and a filtered R-module M, analogous definitions
as in Remark 2.6 result in a graded gr(R)-module gr(M) associated to M. In particular,

gr(M) = @;cz(gr(M)); where (gr(M)); = M;/M;_.

Definition 2.14. Let A be a K-algebra with a filtration A" = {A; | i € Z} and M a
(left) A-module with a filtration M’ = {M; |i € Z}.

One calls A" standard if A; = A} for all i and finite dimensional if Ay = K and
dimg (A4;) < oo for all 1.

One calls M’ standard if M; = A; M, for all i and finite dimensional if dimg(M;) < oo
for all 4.

Example 2.15.

(a) The degree filtration on K[z, ..., x,] and the Bernstein filtration on D,, both are
standard and finite dimensional.

Consider V' := {p € K[zy,...,2z,] | deg(p) = i} and put V := V! Clearly,
F :={F; |i € Z} is a standard filtration, where F; := {0} for i < 0, F := V? =K
and F; .= @ _,V* for i > 0. Further, {z,,...,2,} is a K-basis of V and more
general {z} - ... zin |4, € Ng,> p_ 4, =14} is a K-basis of V. Hence, dimg (V")
equals the number of partitions of i, which equals the number of multisets of
cardinality ¢ with elements taken from a set of cardinality n, but this is known by
basic combinatorics to be exactly ("£""). Similarly, dimg(F}) = (7).

n— n

(b) The V-filtration on D,, is neither standard nor finite dimensional in general. De-
pending on the chosen weight vector (u,v), u; = 0 is possible for instance. In this
case, we have deg,,(x1) = 0 and hence 2} € Ay for all k € N. Thus, K # Ay and
also dimg(A4y) = oo.
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Remark 2.16. Let A be a finitely generated K-algebra. Then there exists a K-subspace
V' C A such that A is generated by V' as K-algebra. Such a V' induces a standard finite
dimensional filtration {A; | i € Z} on A by setting A; := {0} for i < 0, Ay :=V?:=K
and A; := Z;’:o Vi,

If M is a finitely generated (left) A-module, there exists a subspace M, such that M =
RMj,. Then M has a standard finite dimensional filtration {M; | ¢ € Z} with M; := {0}
for i < 0 and M; := MyR; for i > 0.

Definition 2.17. In the situation of Remark 2.16, we call

GKdim(A) := limsup log; (dimg (A;)) = lim sup In(dimg (4;))

the Gel’fand-Kirillov dimension of A and

In(di M;
GKdim(M) := lim sup log, (dimg (M;)) = lim sup —n(dlmK( i)

the Gel’fand-Kirillov dimension of M.

Before we see some examples for the Gel’fand-Kirillov dimension, we need to show that
it is well defined, i. e. the Gel'fand-Kirillov dimension is invariant under the chosen
standard finite dimensional filtration. To do so, we first need a lemma from analysis.

Lemma 2.18. Let f,g : N — Rs; be two sequences. If g(n) < f(an + b) for some
a,b € N and sufficiently large n, then limsuplog, (¢(n)) < limsuplog, (f(n)).

n—oo n—oo

Proof. Let € > 0 and put A := limsuplog,,(f(n)). Then

n—oo

6+hran~>Soli>p log,, (f(n)) A

f(n) = nloen(f(n) ~

for sufficiently large n. This implies
b
g(n) S f(an + b) < (an + b)e+)\ — ne+)\(a + _>€+)\ < n26+>‘,
n

and thus, log,, g(n) < 2¢ + A, which yields the claim. O

Theorem 2.19. The Gel’fand-Kirillov dimension does not depend on the chosen stan-
dard finite dimensional filtration.

Proof. Let V, My be some other generating spaces for A and M and let A’, M’ be the
corresponding filtrations as above. There exists some a € N such that V C A, as
Uk:eNo A, = A. Analogously, My C M, for some b € N. Thus, My = MyA, € M,M,. C
Mx1p. Hence, dimK(Mk) < dimg(Mag4p). On the other hand, switching roles yields
dimK(Mk) > dimg (Mg+s). The claim now follows from the previous lemma by setting
f(k) = dimg (My,) and g(k) = dimg (My,). O
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Theorem 2.20. Let A be a G-algebra in n indeterminates. Then GKdim(A) = n.
Especially, GKdim(D,,) = 2n and GKdim(K[zy, ..., z,]) = n.

Proof. Consider V*:= {p € A | deg(p) = i}. Since A has a PBW-basis (Theorem 1.10),
the same reasoning as in Example 2.15 shows that

. i t+n—1 1+n)-(t4+n—-1)-...-(¢+1 _
n—1 n!
for some p € Q[i]. We have lt(p) = %z” and thus,
GKdlm(A) = hm Sup M — hm Sup Il(l ) — hm Sup n H(Z) — D

i—00 111(2) 1—00 hl(Z) —00 1H(Z)

We give a collection of properties of the Gel'fand-Kirillov dimension regarding related
structures and refer to [MRO1] for proofs.

Theorem 2.21. Let A be a G-algebra and M a (left) A-module.
(a) GKdim(M) < GKdim(A).
(b) If A’ is a G-subalgebra of A, then GKdim(A") < GKdim(A).
(c¢) If M’ is a submodule of M, then GKdim(M') < GKdim(M).
(d) For any standard finite dimensional filtration on A and M, respectively,

GKdim(A) = GKdim(gr(A4)) and GKdim(M) = GKdim(gr(M)).

In particular, a (left) D,-module has a Gel’fand-Kirillov dimension of at most 2n. There
is also a lower bound for its dimension, known as Bernstein’s inequality.

Theorem 2.22 (Bernstein’s inequality).
Let M be a (left) D,-module. Then GKdim(M) > n.

Proofs can be found for instance in [MRO1, Proposition 8.5.5] and [Cou95, Theorem
9.4.2].
Modules of minimal dimension are of special importance.

Definition 2.23. A D,-module of Gel'fand-Kirillov dimension n is called holonomic.
A (left) ideal I C D, is said to be holonomic if D, /I is a holonomic D,-module.

For example, for 0 # f € Kz, ..., z,], the Malgrange ideal I; from Definition 1.38 is
holonomic as we will see later (Theorem 4.7).

There are cases where the Gel'fand-Kirillov dimension of a module over a non-commu-
tative ring can be reduced to a purely commutative problem.
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Theorem 2.24. Let A be a G-algebra in n indeterminates x1,...,x,, I C A an ideal
and M := A/I viewed as an A-module. Consider the isomorphism of vector spaces

v A— Kz, ..., x,], 2% — 2

(cf. Lemma 1.10, Remark 1.28). Then GKdim(M) = dim(K]z1, ..., z,]/¥(L(I))), where
L(I) stands for the span of leading monomials of I (cf. Definition 1.14(b)) and dim
denotes the Krull dimension, i. e. the number of inclusions in a maximal strict chain of
prime ideals.

The details can be found in [BGTVO03|. For the Krull dimension, see e. g. [GP0§|. For
our purposes, it suffices to know that the Krull dimension of K[z, ..., z,] equals n.

2.3 Weighted homogenization

Recall from Definitions 1.35 and 2.10 respectively, that for a weight vector 0 # (u,v) €
R*" satisfying 0 <cw u + v and an ideal I C D, the initial ideal in(,.) (1) € gr(,,,)(Dn)
arises by removing all terms which are not of maximal total weighted degree with respect
to (u,v) for each element of I.

In order to compute the initial ideal, the method of weighted homogenization has been
proposed by Noro [Nor02|, which we will describe below. Homogenization in the Weyl
algebra has also been studied by Castro-Jiménez and Narvéaez-Macarro in a more general
context [CJNMO97|. Let us start by deforming the Weyl algebra.

Definition 2.25. Let (,7 € RZ,. The G-algebra

(h)
Dn,(( m

is called the n-th weighted homogenized Weyl algebra with respect to the homogenization
weights ¢, n.

K<x17 ce s Ty ala s 78717 h ’ {a]xz = :1:10]- + 5ithi+nj}>

Note that z; and 0; get weights (; and n;, respectively, and h gets weight 1.

As of yet, we have two different kinds of weight vectors, a weight vector (u,v) € R?"
for the Weyl algebra coming from the initial ideal (or the V-filtration, respectively) and
homogenization weights (,n € RY; as introduced here.

Further note, that the relation d;z; = ;0; + h%*" in Dibh()g " is homogeneous of degree
(; +n;, which is strictly positive, while the relation 0;z; = xﬂl +1in D,, is homogeneous
of degree zero.

Having a homogenized algebra, we also need homogenized elements as well as homoge-

nized orderings.

Definition 2.26. Forp = Za,@ chﬂl‘aaﬁ € D,, one defines the weighted homogenization
of p to be
(0% e —(Cx h
Hicay(p) =Y capr®0’hiEcn P)=Catni) ¢ pil).
a?/B

)
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This definition naturally extends to a set of polynomials.

As a convention, for p € ng()m), we denote by deg , (p) the weighted total degree of p

with respect to weights (,n for z, 0 and weight 1 for h.

Definition 2.27. For a monomial ordering < on D,,, we define an associated homoge-

ih() ) by setting

h<® g h<®o, 1<i<n, and

nized ordering <™ on D

h)

p<Mq if deg(g,n)(p)<deg(<,n)<q)

or deg, (p) =degq,(q) and p,_, <q,_,.

Lemma 2.28. The associated homogenized ordering is a well ordering.

Proof. The ordering <™ is a monomial ordering because < is one. It is global since
(C;m) is strictly positive, which implies that deg (1) = 0 < deg (z*0Ph*) for all
a, 8 € Nj, A € Ny not all simultaneously zero. The claim follows by Lemma 1.15. O

Note that <) is a well ordering, regardless of whether < is one. Further, for ( = n =
(1,...,1) the weighted homogenization corresponds to the standard homogenization as
in [SST00]. The latter can be viewed as a natural generalization of homogenization in
the commutative case as in [Laz83].

Analogue statements of the following two theorems can be found in [SST00] and [Nor02]
respectively. Due to our different conception of Grobner bases arising from the fact that
we require well orderings, not just monomial ones, we provide new proofs for them.

Theorem 2.29. Let F C D, be a finite set and < a global ordering. If G is a
Grobner basis of (Hc ) (F)) C Dih()c ;) With respect to <™ then the dehomogenization
of GW, GM _  isa Grobner basis of (F) with respect to <.

Proof. By definition, for any f € (F) with Im_u (H,)(f)) = z*0°h*, there exists
g™ e GM with Im_ (¢™) = 279°h" satisfying lm_wm (™) | Im_m (Hcp(f)). Since
Hny(f) is (¢,m)-homogeneous, deg. ,(m) = (o + nBd + A for all monomials m of
H¢»(f), which implies m,_, < 2*0” according to the definition of <) Then

hrn(g(h))lh=1 = 270° | 2°0° = Im(Hqy(f)), . =1m(f),

which proves the claim. O

[h=1

Lemma 2.30. There is a bijection between the global orderings in D,, and gr(u’v)(Dn).

Proof. Recall the examination of gr, ,(D,) in Example 2.7 and consider the isomor-
phism of K-vector spaces (cf. Theorem 1.10, Lemma 1.28)

w . Dn — K<I‘1, vy Iy, 817 e ,8n | {82373 = .l’jai + 5i7j5Ui+Ui70}> = gr(qw) (Dn),
229" — 129,
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Let < be a global ordering on D,,. We define an ordering <, = on 8T (y0)(Dn) by setting
29" =gty 270 if o 1(220%) < N 270%).

Since 1 is an isomorphism and < is global, ~gr(yy 15 @ well defined global ordering, too.
Conversely, starting with a global ordering on gr(w)(Dn), an analogue definition yields
a global ordering on D,. O

By the previous lemma, we are able to identify global orderings on D,, and gr(, (D).
We come to the main result of this chapter, the interaction of the three K-algebras D,

h)
80,0 (Dy) and DY .

Theorem 2.31. Let I C D, be an ideal, < be a global ordering on gr(,,\(D,) and
< (uw) the (not necessarily global) monomial ordering defined by

9" = (u,0) 279 if ua+vf < uy+vd
or uv+vB=uy+vd and z°9° <270

If G is a Grobuer basis of H,)(I) with respect to *EZ?@» then ing,,)(G™),_,) is a
Grobner basis of ing, . (/) with respect to <.

Proof. The concepts of initial forms with respect to (u,v) and homogenized orderings

are compatible in the following sense: Let p € D( ) be (¢, n)-homogeneous. Then

1m<§ﬁ)v> (p) =lm<,  (p,_,) = 1m<(in<u,v) (Pes))

by definition of these orderings. Let f’ € in(,.) (/) be (u,v)-homogeneous. Then there
exists some f € I such that f' = ing,.(f). Since G (") is a Grobner basis with respect

to —<Eu) > there also exists some (¢, n)-homogencous g € G™ satisfying

Im - (in,) (9)) =1m_em (g) |Im_ o, (H(Cm)(f ) = Im < (ing,.) () = Im(f"),

-<(u v)

which concludes the proof. O

Note that G C fo()m), GM\,_, € Dy, and in(u) (G™),_,) C gr(,.)(Dn)-
Summarizing the results from this section, we obtain the following algorithm to compute
the initial ideal.

Algorithm 2.32 (initialldeal).

Input: I C D, an ideal, < a global ordering on D,,, 0 # (u,v) € R*" a weight vector,
¢,n € RY, homogenization weights
Output: A Grébner basis of ing,,) (/) with respect to <

<Ez)v) the homogenized ordering as defined in Theorem 2.31

G := a Grébner basis of H,)(I) with respect to -<Eh) ) - Dflh()g )
G := G(h)|h:1 g Dn

return in(, ,)(G) C 8y (Dy)
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Note that we do not compute a standard basis (see e. g. [GP08|) in the algorithm above
since we do not work in localizations, but rather a Grébner basis with respect to a weight
vector as it is called in [SSTO00]. It is true though, that a Grdébner basis with respect
to a weight vector of the form (—w,w) is a (non-reduced) standard basis of an ideal.
However, the converse is not true, since computing with respect to the weight (—w,w),
we do not compute in any localization, i. e. the units in the ring are still only constants
(cf. Corollary 1.31) and not all elements of the form 1 + p, where lm(p) < 1, as in the
localized ring.

Example 2.33 (Continuation of Example 1.37). We compute the initial ideal
of I = (3220, + 2y0,, 220, + 3yd, + 6) C D, with respect to the weight vectors
(—=1,0,1,0),(0,—1,0,1) and (—2,-3,2,3). We use the degree reverse lexicographical
ordering.

LIB "bfun.lib";

ring r = 0, (x,y,Dx,Dy) ,dp;

def D_2 = Weyl(); setring D_2;

ideal I = 3*xx~2*Dy+2*y*Dx, 2*x*Dx+3*y*Dy+6;
intvec wl = 1,0; initialIdealW(I,-wl,wl);
==>_[1]=y*Dx

==>_[2]=2*x*Dx+3*y*Dy+6

==>_[3]=y~2xDy+2x*y

intvec w2 = 0,1; initialIdealW(I,-w2,w2);
==>_[1]=2*x*Dx+3*y*Dy+6

==>_[2]=x"2xDy

==>_[3]=3*x*xy*Dy~2+5*x*Dy
==>_[4]=9%y~2%Dy~3+45xy*Dy~2+35*Dy

intvec w3 = 2,3; initialIldealW(I,-w3,w3);
==>_[1]=2*x*Dx+3*y*Dy+6
==>_[2]=3%x"~2xDy+2*y*Dx
==>_[3]=9%x*y*Dy~2-4*y*Dx~2+15xx*Dy
==>_[4]=27*y"~2xDy"~3+8%y*Dx~3+135*y*Dy~2+105%Dy



3 Intersecting an ideal with a
subalgebra

The main goal of this chapter is to analyze the problem of intersecting an ideal with a
subalgebra, which is needed for the computation of global b-functions. We will examine
three distinguished approaches.

3.1 Classical elimination

For this section, let A = K(z1,...,z, | {z;2; = cziz; +dij,1 < i < j < n}) be a
G-algebra.

Definition 3.1. We call the subalgebra B C A generated by z;,,...,z;, 1 < i3 <
. <y <n,r 2> 1, an admissible subalgebra, if d;; ;, 11 < i; < iy < i, are polynomials
nx;,...,o.

r

Clearly, admissible subalgebras are G-algebras as well.

Definition 3.2. Let B = K(z,41, ..., 2, | {zj2; = cjjzizj+dij,r+1 <i<j<n}) CA
be an admissible subalgebra of A. A global ordering < on A, which satisfies the ordering
condition in the definition of a G-algebra (Definition 1.7) is called an elimination ordering
for x1,...,x,., if Im(f) € B implies f € B for any f € A. Moreover, if in this situation
x1,...,T, generate an admissible subalgebra C' C A, we call < an elimination ordering
for C.

Lemma 3.3 (Elimination Lemma [Lev05]). Let J C A be an ideal, B = K(z,,1,
ces Xy | mjr; = ¢z + di;) an admissible subalgebra of A and < an elimination
ordering for x1,...,x,. on A. If G is a Grébner basis of J with respect to <, then GN B
is a Grobner basis of J N B.

Proof. Let f € JN B. Then there exists some g € G such that Im(g) | Im(f) € B. This
implies that Im(g) € B. Since < is an elimination ordering, g € B holds and thus, the
claim follows. m

Therefore, intersections we are interested in can be computed by computing a Grobner
basis with respect to an appropriate elimination ordering.

33
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Elimination orderings, though very useful in theory, also bear disadvantages. The com-
putation of a Grobner basis with respect to an elimination ordering can be very expen-
sive, both in time and memory consumption.

Another crucial problem is that elimination orderings do not need to exist, in contrast
to the commutative case, where the lexicographical ordering for instance is always an
elimination ordering.

Example 3.4 ([Lev06]). Let A = K(z,y | {yz = zy + y*}) be a G-algebra. Any
elimination ordering < for y requires < y. But this implies 2y < 3?2, which contradicts
the ordering condition of Definition 1.7, stating that y? < y2 must hold for any ordering
< on A.

One possibility would be to consider A as a K-algebra equipped with an ordering sat-
isfying z < y modulo the two-sided ideal R := 4(y* — yx + zy)4. But the two-sided
Grobner basis of R is infinite, hence doing the elimination via passing to this K-algebra
setting is problematic.

3.2 Intersection via preimages

Recall the algorithm for computing the preimage of a left ideal under a homomorphism
of G-algebras by [Lev06].

Theorem 3.5 (Preimage of a Left Ideal [Lev06]). Let A, B be G-algebras of
Lie type, generated by zi,...,x, and yi,..., ¥y, respectively, subject to finite sets of
relations R4, Rp as in Definition 1.7. Let ¢ : A — B be a homomorphism of K-algebras.
Consider the (A, A)-bimodule

Iy = a{{wi —d(z;) | 1 <i<n})s C A®k B.
Suppose, that there exists an elimination ordering < for B on A ®k B, satisfying
Im(y;0(x;) — d(x)y;) < xy; for 1 <i<n,1<j<m.
Then there are the following statements.

(a) Define A ®§§ B to be the K-algebra generated by x1,...,x,,y1,...,Yymn subject to
the finite set of relations composed of R4, Rp and {y;z; —z;y; —y,;0(z;) + o(z:)y; }-
Then A ®]§ B is a G-algebra of Lie type.

(b) Let J C B be a left ideal, then
o M) =(I,+J)NA C A®% BN A.
Moreover, this computation can be done by means of elimination.

Remark 3.6. Let A be a G-algebra of Lie type, s = Y, a;m; € A, where a; € K and
m, are standard monomials of A.
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(a) Consider the homomorphism of K-algebras

¢:K[s] - A, s— Zaimi.

i=1
Then I NK[s] = ¢~ ().

(b) Additionally, if the standard monomials m; are pairwise commuting in A, one
can break down the computation into two steps. Consider the homomorphisms of
K-algebras

o1 Kmy,...,my| — A,m; — my and

o9 - K[s] = K[mq,...,my], s — Zaimi.
i=1

Then I NK[s] = ¢35 (67 (1)).

By Theorem 3.5 the preimages in both cases can be computed by means of elimination.
Moreover, the preimage of ¢ in (a) as well as the preimage of ¢, in (b) can also be com-
puted with the method of principal intersection, which we will describe in the following
section.

3.3 The method of principal intersection

The goal of this section is to give an elimination-free alternative for our intersecting
problem in the case that the subalgebra is generated by a single element as it is the case
for the computation of the global b-function. However, we will consider a much more
general setting.

Let A be an associative K-algebra. We assume that A does not contain left or right zero
divisors. We are interested in computing the intersection of a left ideal J C A with a
subalgebra S C A, which is generated by an arbitrary element s € A\ K.

Suppose s is algebraic over K, i. e. there exists a univariate polynomial p € K[o] such
that p(s) = 0. Let p be of minimal degree with that property. Then S can be viewed as
K[o]/(p) and the intersection J NS is an ideal in K[o]/(p), hence it is either {0} or it is
generated by a divisor of p.

From now on we assume that s is not algebraic (i. e. transcendental) over K. Then the
subalgebra S is isomorphic to the univariate polynomial ring K[s].

Since K[s] is a principal ideal domain, the intersection J N S is always generated by one
element. In other words, we would like to find the monic polynomial b € A satisfying

(b) = J NK]s].

For this section, we will make two final assumptions, namely that there is a concept of
Grobner bases on A with a corresponding notion of normal forms such that the claim
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of Lemma 1.19 holds true and secondly, that there is a monomial ordering < on A such
that J has a finite left Grobner basis G with respect to <.
Then we can distinguish between the following situations:

1. No leading monomials of elements in GG divide the leading monomial of any power
of s.

2. There is an element in GG, whose leading monomial divides the leading monomial
of some power of s. In this situation, we have the following sub-cases.
2.1. J-sC Jand dimg(Ends(A/J)) < 0.
2.2. One of the two conditions in 2.1. does not hold.

We start with the first case.

Lemma 3.7. If there exists no g € G such that Im(g) divides Im(s*) for some k € Ny,
then J NK[s] = {0}.

Proof. Let 0 # b € JNK][s]. Then Im(b) = Im(s*) for some k € Ny. Since b € J, there
exists g € G such that Im(g) | Im(b) = lm(s"). O

In the second situation however, we cannot in general state whether the intersection is
trivial or not as the following example illustrates.

Remark 3.8. The converse of the previous lemma does not hold. For instance, consider
K[z,y] and J = (y* + z). Then JNK[y] = {0} while {y* + z} is a Grobner basis of J
for any ordering.

In situation 2.1. though, the intersection cannot be zero as the following theorem shows,
inspired by the sketch of the proof of Theorem 3.11 below in [SST00].

Theorem 3.9. Let J-s C J and dimg(Ends(A/J)) < co. Then J NK][s] # {0}.

Proof. Consider the right multiplication with s as a map A/J — A/J which is a well-
defined endomorphism of the A-module A/.J as a—a’ € J implies that (a—a’)s € J-s C J,
which holds by assumption for all a,a’ € A. Since Enda(A/J) is finite dimensional,
linear algebra guarantees that this endomorphism has a well-defined non-zero minimal

polynomial p. Moreover, pu is precisely the monic generator of J NK[s] as u(s) = [0]
in A/J, hence p(s) € JNK]s|, and deg(p) is minimal by definition of the minimal
polynomial. O

Remark 3.10. In particular, dimg(End4(A/J)) is finite if A/.J itself is a finite dimen-
sional A-module. In the case where A is a Weyl algebra and J is holonomic, we know
that dimg(Enda(A/J)) < oo holds (e. g. [SST00]).

The condition J - s C J is fulfilled, if s is central, i. e. s commutes with all a € A.

More specifically, it holds, if s commutes with all j € J, i. e. s lies in the centralizer
Ca(J):={a€ Alaj=jaforallje J}of J.
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By the proof of the theorem, we have reduced our problem of intersecting an ideal with
a principal subalgebra to a problem from linear algebra, namely to the one of finding
the minimal polynomial of an endomorphism.

Theorem 3.11. The global b-function by, of a holonomic ideal I C D, is not the zero
polynomial for any weight vector 0 # w € RY,,.

Proof. Let J :=in_y . (I) and s := )" |, w;z;0;. Recall from Definition 1.36 that by,
is defined by k(g (brw) = J NK][s].

Without loss of generality let 0 # p = > 5 Capr®d® € J be (—w,w)-homogeneous.
Then we obtain for every monomial in p by using the Leibniz rule (Theorem 1.29)

20%3,0; = 2°T 0% 4 Bia0°

= (B0 — (0 + Dat) =07 + B2°0°
€T

= (8,1’2 — (CYZ‘ + 1) + ﬁi)l'aa’@

= (l’zaz — Q4 -+ 61').7}0{6’8.
Put m = deg_,,)(p). Since p is (—w,w)-homogeneous, m = —wa + w3 for each
non-zero term c, sx®9° of p. Hence,

n

pb-s= Pi w;r;0; = i wipr;0; = Z Wy Z ca,ﬁxaaﬂxiai
i=1 i=1

i=1 a,f

- i Wi Z(%az — o + ﬁi)caﬁxo‘@ﬁ

i=1 a,B
_ (Z wzxzal)(z Caﬂxaaﬁ) + Z w; Z(—Ozi + ﬂi)ca,ﬁxaﬁﬁ
p af i=1 o,
=s-p+ Z<Z<_wi@i + wiﬁi))ca7ﬁ$aaﬁ
Q7B =1
=5 p+ ) (~wat wp)ea,pr*d”
a,B

=s-p+m-p=(s+m)-peJ

Therefore, J-s C J holds. Since D/.J is holonomic (cf. [SST00, Theorem 2.2.1]), Remark
3.10 and Theorem 3.9 yield the claim. O]

If one knows in advance that the intersection is not zero, the following algorithm can be
used for computing its monic generator. Recall that we assume the existence of a finite
left Grobner basis for the ideal J C A.
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Algorithm 3.12 (principallntersect).

Input: s € A, J C A a left ideal such that J NK][s| # {0}.
Output: b € K[s] monic such that J NK[s] = (b)
G := a finite left Grobner basis of J
1:=1
loop
if there exist ay,...,a;_; € K such that NF(s*, G) + Z;;t a;NF(s?, G) = 0 then
return b:=s' + Z;;B a;s!
else
ti=1+1
end if
end loop

Note that because 0 = NF(s*, G) + Z;;B a; NF(s/,G) = NF(s' + Z;;lo a;s’, G) (Lemma
1.19(c)) is equivalent to s+ Z;j) a;js’ € J (Lemma 1.19(a)), the algorithm searches for
a monic polynomial in K[s] that also lies in J. This is done by going degree by degree
through the powers of s until there is a linear dependency. This approach also ensures
the minimality of the degree of the output. The algorithm terminates if and only if
JNK]s] # {0}. Note that this approach does not require K to be of characteristic zero.

The check whether there is a linear dependency over K between the computed normal
forms of the powers of s can be done by the following algorithm, which carries the
concept of Gaussian elimination to polynomials.

Algorithm 3.13 (1inReduce).

Input: f € A a polynomial, {fi,..., fr} C A a subset

Output: a € K¥ p € Asuch that p= f — ¥ | a,f; and Im(p) # Im(f;) for 1 <i <k
a:=0¢eKF
p:=1F
while there exists ¢ € {1,...k}, such that lm(p) = Im(f;) do

— le(p)
pi=p— 1:(2)]02

_ ic(f)
i = i = 1e(p)

end while
return a,p

This algorithm computes a “linear reductum” of a polynomial, i. e. no monomial multi-
plications are being used. Here, only leading monomials are compared and (if possible)
reduced by linear operations, making use of the fact that there is a linear dependency
between the polynomials if and only if there is a linear dependency between the leading
monomials of the linear reducta.
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3.3.1 Enhanced computation of normal forms

When computing normal forms of the form NF(s’, G) like in Algorithm 3.12 we can
speed up the reduction process by making use of the previously computed normal forms.
Let GG be a finite Grobner basis of the ideal J C A and let f € J. Then we have for all
a € A by using the linearity of the normal form (Lemma 1.19(c))

NF([f,a],G) = NF(fa — af,G) = NF(fa,G) — NF(af,G) = NF(fa,G) — 0
:NF<fa7 G)7

since af € J and Lemma 1.19(a). This means, we can immediately erase all terms of f
commuting with a.

Lemma 3.14. Let f € A. For i € N denote r; := NF(f',J), ¢; :== f' —r; € J and

= }2531215 provided r1q; # 0. For r1q; = 0 we put ¢; := 0. Then we have for all i € N

C;
Tiv1 = NF(sz, J) = NF([fZ — Ty, Tl]ci + riry, J),

where [a, b]. := ab — ¢ - ba denotes the skew Lie bracket for a,b € A,c € K\ {0}.

Proof. It holds that fi*! = fq; + fr; reduces to fr;, which shows the first equation. On
the other hand,

[ =aqf +rif =aqla+r) +ri(a+r) =g + qri +rig + rirm

reduces to ¢;r1 + riry = (f* — r;)r1 + 71, which again reduces to [f* — 7, r1]e, + 771,
proving the second equation. O

As a direct consequence, we obtain the following result for some K-algebras of special
importance.

Corollary 3.15. If A is a G-algebra of Lie type (e. g. a Weyl algebra), then
riv1 = NF(fry, J) = NF([f* — ri,71] + 771, J) holds.
If A is commutative, we have
riy1 = NF(ryry, J) = NF(rit, J).

The lemma and the corollary, respectively, are of utter utility in practice. See Section
6.2.5 for the remarkable impact in computations.

Note, that computing the Lie bracket [f, g] by making use of the properties given in
Lemma 1.22 in theory as well as in practice is easier and faster than to compute f-g—g- f,
see e. g. [LSO03].
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3.4 Applications

Apart from computing global b-functions, there are various other applications of Algo-
rithm 3.12, which we address in this section.

3.4.1 Computing the global b-function of an ideal
We now have gathered all means necessary to compute the global b-function of an ideal.

Algorithm 3.16 (bfctIdeal).

Input: I C D, a holonomic ideal, 0 # w € RZ, a weight vector
Output: the global b-function by ,,(s) € K[s] of I with respect to w

J := initialldeal (/, (—w,w)) — Algorithm 2.32
s =y o wx;0;
return b;,(s) := principalIntersect(s,.J) — Algorithm 3.12

Example 3.17 (Continuation of Example 2.33).
For I := (3220, + 2y0,, 220, + 3yd, + 6) C Dy we compute

) 00y (1) N K[w{ 2, +wyd,),

where w) := (1,0),w® := (0,1) and w® := (2,3).

LIB "bfun.lib";

ring r = 0, (x,y,Dx,Dy) ,dp;

def D_2 = Weyl(); setring D_2;

ideal I = 3*xx~2*Dy+2x*y*Dx, 2*x*Dx+3*y*Dy+6;

intvec wil 1,0; ideal J1 = initialldealW(I,-wl,wl); poly sl = x*Dx;
vector vl = pIntersect(sl,J1); vi;

==> gen(3)+3/2xgen(2)

The procedure pIntersect returns an object of the type vector for technical reasons.
Here, gen(i) stands for s*!. So the result is s? + %s. We convert v1 to a polynomial
and factorize it. The result is the list of the roots and their corresponding multiplicities.

bFactor(vec2poly(vl));
==> [1]:

==> _[1]=0

==> _[2]=-3/2

==> [2]:

==> 1,1

We proceed the same way in the other computations.
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intvec w2 = 0,1; ideal J2 = initialldealW(I,-w2,w2); poly s2 = y*Dy;
bFactor(vec2poly(pIntersect(s2,J2)));

==> [1]

==> _[11=0
==> _[2]=-2/3
==> _[3]1=-4/3
==> [2]:

==> 1,1,1

intvec w3 = 2,3; ideal J3 = initialIdealW(I,-w3,w3);
poly s3 = 2xx*Dx+3xy*Dy; bFactor(vec2poly(pIntersect(s3,J3)));
==> [1] :

—=>  _[1]=-6
==> [2] :
==> 1
Hence,
3 2 4
bI,w(l) = S(S + 5), wa(z) = S(S + g)(s + g) and bI,w(3) = s+ 6.

3.4.2 Solving zero-dimensional systems

Recall that one of the original motivations for the development of Grobner bases was to
solve zero-dimensional systems.

Definition 3.18. A proper ideal I C K[zy,...,x,] is called zero-dimensional, if the
quotient K[zy,...,x,]/I is finite dimensional as a K-vector space.

Lemma 3.19. A proper ideal [ is zero-dimensional if and only if there exist 0 # f; €
I NKlz;] for each 1 < i < n.

Proof. Clearly, I - xz; = xz; - I = I. If dimg(K[zy,...,2,]/]) is finite, then so is
dimg (Endg (K[x1, ..., 2,]/I)). Then Theorem 3.9 states that I NK[z;] # {0}.

Conversely, let 0 # f; € I NK[z;] for each 1 < ¢ < n. Without loss of generality, we
may choose f; of minimal degree d;. It follows that [1], [z;], [z7], ..., [¢%] are K-linearly
dependent in K[z, ...,2,]/I. Hence, there exist 0 < e; < d; such that {[z} ---2%] | 0 <
i; < e;}is a K-basis of K[y, ..., z,]/I and thus, dimg (K[zy, ..., z,]/I) <[, d; < oo,
i. e. I is zero-dimensional. ]

Corollary 3.20. Let I C Klzy,...,z,| be zero-dimensional. Then
]‘mi:a - K[l’l, ey Li—1y Ljt1y - - - ,ZL‘n]

is zero-dimensional for all a € K.
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Proof. By the previous lemma, there exists 0 # f; € I N K|z;| foralll < j < n.
Using f; = f;, . €1, N Klz;] for all j # ¢, the claim follows again by the previous
lemma. ' O

Corollary 3.21. Let I C Klxy,...,x,] be zero-dimensional. If the zero-set V(I) of I
is non-empty, then its cardinality is finite.

Proof. A univariate polynomial f # 0 has only finitely many roots. O]
Algorithm 3.22 (solveZeroDimSystem).
Input: I C K|zy,...,z,]| a zero-dimensional ideal
Output: V(I)
f € K[z1] such that (f) = I NK[z1] — Algorithm 3.12

for a € V(f) do

I(a) =1, _, CKlzy,...,z,]

V, := solveZeroDimSystem(/(a))
end for
return V :={(a,d) | a € V(f),d € V,}

The computation of the principal ideals in the previous algorithm can be done with
pIntersect (Algorithm 3.12).

The advantage of using Algorithm 3.22 instead of the classic triangularization techniques,
lies in the avoidance of computing a Grobner basis with respect to a lexicographic or-
dering or a more general elimination ordering, which can be very hard. The price we
need to pay is the performance of multiple Grébner basis computations — but we may
freely choose any, hence better suited, ordering.

A similar approach is used in the celebrated FGLM algorithm [FGLM93|. See also
[INY99] for a different method.

3.4.3 Computing central characters

Let A be a G-algebra. The center of A,
Z(A) :=Ca(A)={a€ Al la,b =0 for all b € A},

is isomorphic to a commutative polynomial ring. The intersection of a left ideal with
Z(A) is important for many algorithms, among other for the computation of the central
character decomposition of a finitely presented module [Lev05]|. In the situation, where
the center of A is generated by one element, we can apply Algorithm 3.12 to compute
the intersection, which is known to be often quite nontrivial, without engaging much
more expensive Grobner basis computations, which use elimination.
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Example 3.23. Consider the universal enveloping algebra of the Lie algebra sls,
U = U(sly,K) := Kle, f,h | e, f] = h,[h,e] = 2e,[h, f] = —2f). It is known, that
over a field of characteristic zero, the center of U equals Z(U) = Kldef + h? — 2h].
Consider the set F' := {e!, f12 h®> — 10h* + 9h} C U. Let L := y(F) be the left ideal
and T := ¢ (F)y the two-sided ideal, both generated by F'. Then consider the U-modules
My, = U/L and My = U/T, which turn out to be finite-dimensional over K. We are
interested in intersecting L and T with Z(U) and factorizing the output polynomial in
one variable.

LIB "ncalg.lib"; LIB "central.lib"; LIB "bfun.1lib";

def U = makeUsl(2); setring U; // U =U(sl,Q)

poly z = center(2)[1]; // generator of the center Z(U)
ideal F = e~11,f~12, (h-3)*(h-1) *h* (h+1) *(h+3);

ideal L = std(F); // left Grobner basis of L
vdim(L) ; // dimg(U/L)

==> 559

vector vL = pIntersect(z,L); // LNK[Z]

ideal T = twostd(I); // two-sided Grobner basis of T
vdim(T) ; // dimg(U/T)

=> 21

vector vT = pIntersect(z,T); // T NK[z]

ring r = 0,z,dp; // commutative univariate ring

// pretty-print factorization of polynomials:

print (matrix(factorize(vec2poly(imap(U,vL)),1))); // for LNK[z]

==> z-3,z2,z-440,z-8,z-48,z-168,z-15,2z-99,2z-120,z-255,z-483,z-575,z+1,
z-399,z-143,z-195,2-63,2z-80,2z-288,z-360,z-224,z-323,z-35,z-24

print (matrix(factorize(vec2poly (imap(U,vT)),1))); // for TNK|[z]

==> z-3,z,z-15

Notably, all the computations, thanks to Algorithm 3.12, were completed in a couple of
seconds, while the Grébner-driven elimination approach ran out of memory after half an
hour.

3.5 Intersecting an ideal with a multivariate
subalgebra

We now consider the case where we intersect J with the subalgebra K[s] = K]sy, ..., s,]
of an associative K-algebra A for non-constant, pairwise commuting si,..., s, € A.
The following result is a direct consequence of Lemma 3.19.

Corollary 3.24. The ideal J NK][s] is zero-dimensional (in K[s]) if and only if for all
1 <4 < r there exist f; € J such that Im(f;) = s% for some d; € Ny.
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Lemma 3.25. For a finite left Grobner basis G of J,

GKdim(K[s]) > GKdim(K[s]/(J N K[s]))
> GKdim(K[s]/(L(G) N K][s])).

Proof. For all f € JNK]s] there exists g € G such that Im(g) | Im(f), which implies
Im(g) € K[s] and thus, the claim follows. O

Note that the first inequality is strict if and only if J NK]s] # {0}.

We give a generalization of Algorithm 3.12 to compute a partial Grobner basis of JNK[s]
up to a specified bound k € N. Here, a partial Grobner basis G’ of an ideal I is a subset
of a Grobner basis of I such that G’ is a Grobner basis of (G').

Algorithm 3.26 (intersectUpTo).
Input: sq,...,s, € A pairwise commuting, J C A a left ideal, £ € N an upper degree
bound
Output: a GB for J NK][sy,...,s,| up to degree k
GG := a partial left Grobner basis of J consisting of elements up to degree k
d:=0
B:=10
while d < k do
My = {s* | o] < d}
if there exist a,, € K, not all 0, such that > a,, NF(m,G) =0 then

meMy
if > a,m ¢ (B) then
meMy
B:=BU{ > a,m}
meMy
end if
end if
d=d-+1
end while
return B

A couple of improvements can be made to speed up the computation time.

If p € B with Im(p) = m has been found, any monomial which is a multiple of m can
be discarded in the following iterations.

Let G be a Grobner basis of J with respect to some fixed ordering <. By using p €
J NKJs|] if and only if Im(p) € L(G) NK]s]|, one may disregard {m € My | max_{m’ €
L(G) N Md} < m}

Further note that NF(m, G) =m, if m ¢ L(G) NK]s].

Using these improvements and choosing < to be a degree ordering and the elements in
B to be monic, the output of the algorithm equals the reduced Grobner basis of J NK[s]
with respect to < up to degree k. However, in general no termination criterion is known
to us yet, that is apriori we do not know when we already have the complete needed
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basis of the intersection. Nevertheless, the termination is predictable if J N K[s] is a
principal ideal in K[s]. This situation often arises in the computation of Bernstein-Sato
ideals, see [ALMM10, ABL*10]. Moreover, another possibility for the algorithm to stop
will be when the set of monomials we consider becomes empty on some step, which is
the case if and only if J NK|[s] is zero-dimensional.

It is also possible to generalize the results above by replacing the commutativity condition
for sq,...,s, with the condition, that si,...,s, generate a subalgebra S of A such that
S is a G-algebra.

Note, that under some extra requirements the algorithm will terminate after finitely
many steps without setting an explicit degree bound. Hence, in such cases a gener-
ally complicated elimination with Grobner bases can be replaced by much easier and
predictable Grobner-free approach. The latter will, of course, allow to solve harder
computational problems.

As noted in Example 3.4, there are algebras where appropriate elimination orderings do
not exist. Nevertheless, it is obvious, that the intersection problem in those algebras can
still have nontrivial solutions. Hence, Algorithms 3.12 and 3.26 respectively, are indeed
the only computational possibilities to get some information about such intersections.

Summarizing, for the computation of the intersection of an ideal and a principal subal-
gebra, we have the following choices:

1. via Grobner based elimination working with:
1.1. classical elimination,
1.2. the preimage of a left ideal:

1.2.1. in one step,
1.2.2. in two steps,

2. the elimination-free method of Principal Intersection.



4 Bernstein-Sato polynomials

In this chapter, we focus on the global b-function of a hypersurface defined by a non-
constant element f € K|xy,...,z,], also known as Bernstein-Sato polynomial. Recall
from Definition 1.39 that the Bernstein-Sato polynomial is defined via the global b-
function of the Malgrange ideal I;. We first deal with this approach. Then, after
utilizing the crucial mean of the Gel’fand-Kirillov dimension, we study a closely related,
yet different method to compute the Bernstein-Sato polynomial.

4.1 Applying the global b-function to the Malgrange
ideal

As mentioned above, according to its definition (Definition 1.39) the Bernstein-Sato
polynomial b(s) of a polynomial f € K[zy,...,x,] can be computed by applying the
concept of global b-functions for ideals to the Malgrange ideal of f and a specific choice
of the weight vector.

This directly leads to the following algorithm.

Algorithm 4.1 (bfct).
Input: f € Klzy,...,z,)
Output: the Bernstein-Sato polynomial bf(s) € K[s] of f
I = ({t—f 0+ g—é@h oo, O+ %&) C D,(t,0;) the Malgrange ideal of f
w:= (1,0,...,0) € R""! such that the weight of 9; is 1
brw(s) == bfctIdeal (If,w) — Algorithm 3.16
return bs(s) := by (—s —1)

Remark 4.2. In [Nor02], the following choice of homogenization weights is proposed
for an efficient Grobner basis computation:

CI (degﬁ(f>7ﬁ17 s 771?1)7
n=(1,deg,(f) — a1+ 1,...,deg,(f) — U, + 1),

such that the weight of ¢ is deg,(f), the weight of J; is 1 and @ € RZ, satisfying
u; < deg,(f) + 1 is a vector that may be chosen heuristically.

Lemma 4.3. For f € Klzy,...,z,] let F = {t — f,0;, + %(2 | 1 < i < n} be the
set of generators of the Malgrange ideal I; and let f=H e (f) € ng()m) denote the

46
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weighted homogenization of f with respect to ((,7n) (see Definition 2.26). If (¢, n) is
chosen as in the previous remark,

of

Hgp(F) ={t - o l1<i<n)

Proof. Since f € K[xy,...,z,] does not contain any t,d; or 0;, we have

deg(g,n)(f) = deg(m)(f) =deg,(f) = deg(m) (t).

Further,

of of X
deg(cm(a—xi&g) == deg(c’n)(a_l'i) + deg(cm) (8t) = dega(f) — U; + 1= deg(m) (81) O

Remark 4.4. By the experiments we have performed, we propose to use an ordering
for the computation of the initial ideal of I; as follows. Let e; € R™ denote the i-th
standard basis vector. We define a valuation function

vi Az, ... o) — No 2y — deg, (f)

and propose to choose an ordering < that satisfies ; < z; if and only if v¢(z;) > vs(z;).
That is, “less complex” variables are preferred. See Section 6.2.3 for experimental results.

4.2 The s-parametric annihilator

Let f € Klzy,...,x,] and let s be a new indeterminate. We consider the (n + 1)-th
Weyl algebra D, .1 = D,(t,d;) with additional generators t,0; and the commutative
ring R; := K[z, s, f~!]. The free Ry-module R; - f* generated by the formal symbol f*

becomes a D, (t, d;)-module by the operation

o:D,(t,0) X Ry - f* — Ry - f°

defined by
vy g(z,s) - [ = gla,s) - 1<i<n,
99 af ... |
s+j = s+j COJ srjt i
e g(x,s)- f o, 4 (s+7) - gz, s) o, f : 1<i<n,
teg(z,s) [ :=g(x,s+1)- fHH o
Oy 0 g(z,s) f*H = —s-g(z,s— 1) foHi1

for g € K[z, s] and f577 := fi. f$ j € Z. That is, z; acts via multiplication, 9; via
formal derivation, ¢ via shift and 0, via shift and multiplication with —s.
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Definition 4.5. The annihilator of f° in D,(t,d;) is defined to be

Annp, 0, (f*) == {p € Du(t,0,) | p e f* = 0}.
It is clear, that Annp, s, (f°) is a left ideal in D, (t,0;), since f* € R- f* and R - f* is
a D, (t, 0y)-module.
Recall the Malgrange ideal I from Definition 1.38. Our first goal in this section is to

prove that I coincides with Annp, ¢ ,)(f*). Before we give a proof, we first derive other
properties of I;.

Lemma 4.6. Consider the Malgrange ideal of f € K[zy,...,x,],

of af
= (t— ——0y ..., 0p C Dy (t, 0),
Ip=(t—f,00+ axla“ , O + 6mnat> D, (t,0)
and choose a global ordering < satisfying
Im(t — f) =t and Im(0; + gf ) =0; .
Z;

Then the given generators of Iy build a Grobner basis with respect to <.

Proof. We apply Buchberger’s Criterion (Theorem 1.21) to the generators. Let a — b
denote the reduction of a to b with respect to /;. By the Generalized Product Criterion
(Lemma 1.23) and by Corollary 1.25, we have

of of o, _,0f, Of Lo,
spoly(t — f,0; + axiat) —[t—f,0;+ 8_:U2-8t] = t@aziat axiatt fO; + Oif

B B of e oy af af

and

of of of af
spoly(@l + a—xiat, 8J + a—x]@t) — [81 + a_l’iat7 aj + 8_% t]

_of o .8f f)f B af .
= %2, 0:0; — 0; oz, 0 + 0; oz, O oz 0;0;
___9f of . _
n 89518% at + 8%8% at =0

Hence, the claim follows. m

Theorem 4.7. The Malgrange ideal /; is holonomic in D,,(t, ;).

Proof. By Lemma 4.6, the given generators of Iy already form a Grobner basis with

respect to an appropriate ordering and we have L(If) = (t,04,...,0,) by Theorem 1.21.

Applying Theorem 2.24 yields

GKdim(Iy) = GKdim(D,(t,0y) /1) = dim(K[z1, ..., 2n, 01, ..., 0n, t, 0] /(t, 01, ..., 0n))
=dim(Kzy,...,2,,0]) =n+ 1. O
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Corollary 4.8. The Malgrange ideal I; is a proper ideal.

Proof. By Theorems 2.20 and 4.7 we have, GKdim(/;) =n+1 < 2n+2 = GKdim(D,,).
O

Theorem 4.9. The Malgrange ideal I; is a maximal left ideal.

Proof. Proceeding similarly to the proof of Theorem 4.7, L(I;) = (t,01,...,0,) for a
suitable ordering <. Suppose, I is not maximal. Then there exists an ideal J containing
I+. Let G be a Grébner basis of J with respect to < such that G contains the generators
of If, i. e. we add new elements P := {py,...,pm}, m > 1, to the generators of I; such
that we obtain a Grobner basis of J. Without loss of generality, let lm(p;) € (x, J;) and
let A denote the image of L(G) under the isomorphism # of vector spaces from Theorem
2.24. Then, Theorems 2.21 and 2.24 imply

GKdim(D,(t,9,)/J) = GKdim(K|z, 9,t,9,]/A) = GKdim(K]xz, 9,]/ L(P))
< GKdim(K[z, 04]) = n + 1,

which contradicts Bernstein’s inequality (Theorem 2.22). ]
Lemma 4.10. The Malgrange ideal I; coincides with Annp, ¢ a,)(f*).

Proof. We check the desired property of the generators of I;:

(t_f)‘fs:fsﬂ—fsﬂzo and

8f af -1 8f -1
0; + =0 f=s——f" — ——sf" =0.
( * 8@ t) * f S@xzf 81’1 Sf
So we have Iy C Annp, 1.9,)(f°). Since 1 f* £ 0, Annp, 5, (f®) is a proper ideal. The
maximality of I; (Theorem 4.9) then implies the claim. O

We now consider the subalgebra D[t - 0;] C D,(t,0;) and the G-algebra D,[s] :=
Dn ®]K K[S]

Definition 4.11. The s-parametric annihilator of f is defined to be the left ideal
Annp, (g (f*) == {p € Dy,[s] | pe f* = 0}, where o denotes the action defined at the
beginning of this chapter for z and 0 and moreover, the central element s acts via
multiplication.

There is a strong relation between the s-parametric annihilator and the Malgrange ideal
Iy as well.

Theorem 4.12. The s-parametric annihilator of f equals (Iy N D, [td;])

‘tat:—s—l ’

Proof. Consider the isomorphism of the K-algebras D, [s] and D,[td;] induced by the
algebraic Mellin transform
S = —t@t — 1.
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The action of D, (t, 0;) defined at the beginning of this chapter restricted to its subalgebra
D, [toy] yields

t@tog(ac,s) ' fs+j =tle (_S 'g(.I,S - ]-) ' fs+j_1> - _<S+ ]') 'g(.I,S) ' fs+j
and therefore

(—t0, — 1) e g(x,s)- [ =(s+1)-gla,s)- [*7 —g(x,s)- [ =5-g(x,s)- [

Thus, the action of D,[td;] is compatible with the one defined on D, [s] and applying
the inverse of the algebraic Mellin transform and Lemma 4.10 to the equations

Annp, o, (f°) = Annp, 1.0, (f°) N Dy[to] = Iy N D, [t0;]
concludes the proof. O

Now we return to the Bernstein-Sato polynomial. The following theorem is due to
Bernstein [Ber71, Ber72|. It was originally used to define the Bernstein-Sato polynomial.
We use a version as in [SST00].

Theorem 4.13 (Bernstein). The Bernstein-Sato polynomial b¢(s) of f is the uniquely
determined monic polynomial of minimal degree in K[s] satisfying the identity

Pe foth =b(s)- f* for some operator P € D,,[s]. (4.1)
Proof. Equation (4.1) holds, if and only if
0=Peo [ —by(s) f*=(P-f—bs(s) e[,

ie. P-f— bf(S) S AnnDn[s](fs).
In this case, by Theorem 4.12

f)| 'f—bf(—tat—l)EIf.

s=—t0p—1

Since we also have t — f € I, it follows that
P|s:7t6t71 = bf(_tat - 1) + Pszftatq(t - f) = _bf<_tat - 1) + P|s:7t8t71t € Iy,

which implies
in(—waw)(bf(_tat o 1) - P‘szftatflt) S in(—w,’w)<[f)7
for w = (1,0,...,0) € R™"'. Hence, by(—td; — 1) € in(_yu)(Ir) NK[td;], because

0= deg(_wyw)(bf(—tat — ].)) = deg(—w,lU)<‘F)‘s:—t8t—l> < deg(—w,w)(Pl.s:—zat—lt) = —1.

This means, b(s) is a multiple of the Bernstein-Sato polynomial.
On the other hand, if b¢(s) is a multiple of the Bernstein-Sato polynomial, then b(—t0;,—
1) € inyu(Iy) NK[td], w = (1,0,...,0) € R*™', by definition. There exists some
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p € D, (t,0;) such that by (—t0,—1)+p € Iy and in(_y ) (bp(—t0,—1)+p) = by(—td, —1).
It follows that every monomial of p is divisible by ¢. Otherwise, 0 = deg_,, ) (bs(—t0; —
1) + p) < deg(_, . (p), contradicting the latter assumption. By the same argument,
every monomial of p that is divisible by 0F, k € N, is at least divisible by "1 as well.
Then we can factorize ¢ to the right by Corollary 1.27, i. e. p can be written as

p= ( > Ca,ﬁ,k,zl’“@ﬂtkai) t= ( > Ca,ﬂyk,lfaaﬁtk_ltlﬁﬁ) t

o,B,k,l o,B,k,l
-1
= < Z Caﬂ’k’l(ﬂaaﬁtk_l (H(t@t - Z))) t,
o,B,k,l =0

where the last equation holds by Corollary 1.26. Since t — f € Iy = Annp, .4, (f°)
(Lemma 4.10), computing in D,(t,0;)/ Annp, .4, (f*) yields

0] = [bf (=t — 1) +p|] = [bs (10, — 1) + ( > Capriztd’ i (H(tat - Z))) fl-
B,k i=0

The latter representative is an element of D, [td;] and k — [ > 0 in every non-vanishing
term. Applying the algebraic Mellin transform shows that

-1
[0] = [bs(s) + ( > capriad’ i (H(—S -1- Z))) - f]
a,B,k,l i=0
in D,[s]/ Annp, 4(f°). Here we have used Theorem 4.12. Setting
-1
pP.=— Z caﬁ,k,lxa@ﬁfk*l : <H(—S —1-— Z))

8.kl =0

finally gives us an element of the form bg(s) — P - f € Annp,4(f*). O

Now the reason for the substitution of —s — 1 by s in the definition of the Bernstein-
Sato polynomial (Definition 1.39) is clear: It is nothing else but the algebraic Mellin
transform. Recall that the s in the expression —s — 1 stands for t9, by definition.
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Example 4.14. Consider the following classical example (e. g. [Cou95]).
Let f:=> 2? € K[zy,...,2,] and P:= > 9? € D,,. Then
i=1 i=1

n

P.fs+1 _ Za@?.f&l—l — ZalQZxZ(S—f-]_)fs
i=1

i=1

= i 2(s 4+ 1) f* + 2x;5(s 4+ 1)2z; f51

i=1

=2n(s+1)f*+4s(s+1)f5! ix?
i=1

= (s+1)(4s+2n)f°.

Theorem 4.13 implies that by(s) = (s +1)(s + ).

As a consequence of Theorem 4.13 we obtain the claim of Theorem 3.11 for the special
case of Bernstein-Sato polynomials.

Lemma 4.15. For non-constant f, the polynomial s + 1 divides bs(s) and thus, b(s)
is non-zero.

Proof. Substituting s with —1 in equation (4.1) yields
P(x,0,—1) =bs(—1) - f7.

So we have an element in D,, on the left hand side and a rational function on the right
one. Therefore, both expressions are constant. Since f is non-constant, so is f~!. Hence
bg(—1) = 0 must hold. O

Moreover, it is known that all roots of the Bernstein-Sato polynomial are negative ra-
tional numbers. This fact is due to Kashiwara [Kas76|, who gave a proof for so called
local Bernstein-Sato polynomials, which we do not consider in this work, and the case
K = C. Since the global Bernstein-Sato polynomial is the least common divisor of all
local ones, certain flatness properties show that the statement holds [MNM91].

4.3 Bernstein's data

This section is dedicated to the computation of what we like to call Bernstein’s data,
i. e. the triple consisting of the s-parametric annihilator, the Bernstein-Sato polynomial
and an operator satisfying Equation (4.1).

Corollary 4.16. In the situation of Theorem 4.13 we have the following statements.

(a) P-f—=bs(s) € Annp,(f*) and by(s) € Annp,(f*) + (f).
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(b) P ¢ Annp,(f**).
(c) g—i P —=V(s)-0; € Annp, (f5t), where b’f(s) = S%bf(s).

Proof.

(a) The first claim is part of the proof of Theorem 4.13. The second claim follows
directly from the first one.

Using equation (4.1) we have

(b) Pe f5 =bs(s)- f*+#0and

of

(c) Pefs+l =b(s) f* = (s+1)b}(s)f8? = (G o f)V,(s) glf_ Thus, 2L Pe fo+! =
V;(5)0; o f**! and hence, g—giP — V(5)0; € Annp,)(f*). 0O

The first part of the corollary provides us with another algorithm to compute the
Bernstein-Sato polynomial.

Algorithm 4.17 (bfctAnn).

Input: f e Klzy,...,z,)

Output: the Bernstein-Sato polynomial bs(s) € K[s| of f
G := a Grobner basis of Annp, (f*) + (f)
b(s) := principallntersect(s, G) — Algorithm 3.12
return by(s)

Proof. By Corollary 4.16(a) and by its definition the Bernstein-Sato polynomial is an
element of (G) NK[s]. Algorithm principallntersect returns the element of minimal
degree in this intersection, which is exactly the Bernstein-Sato polynomial by Theorem
4.13. O

Lemma 4.18.

(a) We have f0; — sg—gi € Annp,[q(f°) for all 1 <i < n.

s br(s
(b) (Anmp, (F) + (£, 25, 20)) N K]S = (2).
Proof. Let us abbreviate f; := %, 1<t <n.

(a) (fO;—sfi)ef>=fo;ef —sfiefs=fsf'fi—sfif*=0.

(b) Let P € D,[s] be an operator satisfying Equation (4.1). Let us write P in the form
P =Py+> " P0; such that Py € K[z, s] and P; € D,[s], 1 <i < n. Computing
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modulo Annp,4(f*) and using Corollary 1.25 and (a) we have
P-f=Pf+Y Pof=Pf+> Pfoi+f)
i=1 i=1
= Pof+ Y Psfi+ fi)=Pof +(s+1) D> _Bf:
i=1 i=1

By Lemma 4.15 bs(—1) = 0, hence by restricting s to —1 in Equation (4.1) we get
P,_,e1=10bs(-1)f""=0. Thus, P,_, € Annp, (1) = (d1,...,0,). On the
other hand, A,__,f = Fy,__,f. Butthen Py _ , = P __, € (d1,...,0,), which
means Py, = 0 by the choice of . Hence, s + 1 divides I%. Moreover, by

Corollary 4.16(a)

—(Pf—b)e [ = i by g
0= (P b " = (G + DS + SRS~ )
Since s + 1 ¢ Annp,4(f*), it follows that
P, . by s
st 1f+ Zzlpzfz T il € Annp,5(f*).
Thus,
by () s
( ) = (AnnDn[s](f )—l—(f,fl,...,fn))ﬂK[s]. O

s+ 1

When computing the Bernstein-Sato polynomial with Algorithm 4.17, adding all partial
derivatives of f to Annp_ (f)+ (f) will improve the efficiency of the algorithm since we
have to consider one normal form less with pIntersect. See also [ALMM10].

4.3.1 Computing s-parametric annihilators

As one can see, bfctAnn requires the computation of Annp,(f*). There are several
approaches known, see for example [LMMO8|. Here, we will only give the idea behind
the algorithm by Briangon and Maisonobe [BM02|, which seems to be the most efficient
one in practice.

Theorem 4.19 (Briangon-Maisonobe, 2002). Consider the shift algebra S :=
K{(0;,0 | 00; = 0,0 + 0;) and D? := D, ®x S. Further, for f € K[zy,...,x,] define

af

]I:<0'+f'(()t,{ai+8—$i'

0;}) C D7

Then Annp, (f°) = I,_, N Dyls].
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Note that the relation 00, = 0y0 + 0; in S corresponds to the relation (—t0;)0; =
Oi(—t0y) + 0, in D, (t,;), i. e. D is isomorphic to D, (d;,t0,) C D,(t,d;).

The theorem directly gives rise to the following algorithm, implemented in the SINGULAR
library dmod.1lib [LMMI10].

Algorithm 4.20 (SannfsBM).

Input: f e Klzy,...,z,)

Output: Annp,[y(f*) C Dy[s]
I={o+f-0,{0:+ 5L 0}) c D]
G := a Grobner basis of I with respect to an elimination ordering for 0;
return G| _ N D,[s]

A purely computer algebraic proof of Theorem 4.19 respectively Algorithm 4.20 can be
found in [ALMMO9].

Our next goal is to improve the previous algorithm by obtaining a pre-processing for the
required elimination of 0;.

Remark 4.21. Consider the Jacobian matriz J¢ of f, that is the matrix of all partial

derivatives of f,
. af af 1xn
Jf_(axl,...,axn>EK[:cl,...,xn] .

Let J = (f7 Jf) S K[xlu s 7$n]1><(n+1) and Yy = (yf7y17 s 7yn)tr € K[xb cee 7xn](n+1)><1
such that ¢ - J' = 0 holds, i. e. y is a (left) syzygy of J. In Algorithm 4.20 we have to
consider the ideal generated by the entries of the matrix

of
8:171

Opy ooy On + a5 . at) € (D3t

I .= (U+f‘at,81+
oz,

Multiplying y with I results in an element of D2 of the form

tr tr
y' - —yf'(0+f'3t)+;yi'(ai+8xi'at)
:yf'g+<yf'f+zyi'ax')'at‘i‘zyi'ai
i=1 v i=1

—yr-o+ "I 0+ D yie O

=1

:yf'0+zyi'ai~
i=1
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Examining the action of this operator on f* under the substitution of ¢ with s yields

(ytr X [tr)

|o:s

o =yrsef > yi-dief
i=1

n 8f .
=yrs [T yirs o f
— Ox;

& 0
=<yf-f+;yi-a—£>-s-fs—l
— (ytr-JtT) _S_fsfl :0

Hence, every (left) syzygy y of J induces an element of Annp,5(f*), namely y* - I'",
which also has the property of being linear in 9y, ..., 0d,, i. e. the differential variables
only appear in degree at most one. The ideal generated by those elements is called the
logarithmic annihilator of f*.

Now, we can slightly modify Algorithm 4.20 as follows.

Algorithm 4.22 (SannfsBMSyz).

Input: f € K[zy,...,x,]

Output: Annp,y(f*) € Dyls]
J¢ = the Jacobian matrix of f
M := the first syzygy module of (f,J;) € K[z, ..., z,] "D
G s := a Grobner basis of M
Bim (04 000+ 8500y 0+ 2L 0,) € (D)D)
A:={(y"-B") _ |y €Gu} C Dyls]
G4 := a Grobner basis of (A)
I := the ideal generated by the entries of B
G := a Grobner basis of G4|,_, + I with respect to an elimination ordering for o
return (G|, _ N D,[s])

The advantage of this modification is that we already start the elimination computation
with a partial answer, which also consists of elements of small degree, since 0; only
appears in the elements of A in degree at most one as stated above. See Section 6.2.4
for experimental results.

4.3.2 Computing b-operators
We now study the operators satisfying Equation (4.1).

Remark 4.23. Let P,Q € D,[s| be two operators satisfying Equation (4.1). Then
Pe fsth = Qe f i e (P—Q)e ft =0, which means P — Q € Annp, 4(f5™).
Hence, such an operator is uniquely determined up to Annp, 4( 5.
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Definition 4.24. We call an operator P € D,,[s] satisfying Equation (4.1) a b-operator.
Let P be a b-operator. Then we call the b-operator NF(P, Annp, g (f**!)), the Bernstein
operator.

Note that the Bernstein operator is uniquely determined because the normal form is.
We present four distinguished methods to compute a b-operator.

Linear dependency

Our first approach to compute a b-operator is based on Corollary 4.16(a) and on the
idea of Algorithm 3.12: We search for a linear dependency between by(s) and {m - f |
m € D,[s] monomial} in D,[s]/ Annp, 4 (f°).

Algorithm 4.25 (bOperatorLinDep).
Input: f € K[zy,...,2,], the Bernstein-Sato polynomial b¢(s) of f, Annp,(f*)
Output: P € D,[s] such that P e f57! =b(s) - f*
d:=0
loop
Mgy :={m € D,[s] \ Annp,(f**") | m monomial, deg(m) < d}
if there exist a,, € K such that bs(s) = > a, NF(m - f,Annp,4(f°)) then

meMy
return P:= ) a,m —bs(s)
meMy

else
d:=d+1

end if

end loop
Lifting

Remark 4.26. Let [ C J be two ideals in a G-algebra A and let I and J be generated
by the sets F' := {f1,..., fm} and G := {¢1,..., g}, respectively. Then each f; € F
has a representation in terms of G, i. e. there exists a matrix T € A™™ such that
[f1, s S = T" - [g1,...,q]". We call T a lifting matriz. Moreover, T can be
computed with the SINGULAR command 1ift (G, F).

Algorithm 4.27 (bOperatorLift).
Input: f € K[zy,...,2,], the Bernstein-Sato polynomial bs(s) of f, Annp,(f*)
Output: P € D,[s] such that P e f5"! =b(s) - f*

{h1,..., hm} generators of Annp, (f*)

T :=1ift ([f, h1, .., b, [b5(S)])

return 7T,
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Proof. Since bs(s) € (f) + Annp,4(f*), 1ift is applicable and yields a representation
bf(S) = T1’1f + Z ]—;,lhi'
i=2

Since Y, Ti1h; € Annp, (4(f®), Corollary 4.16(a) proves the correctness of the algo-
rithm. [

Kernel of a module homomorphism

Let e; denote the i-th standard basis vector and consider the homomorphism of D,,[s]-
modules
¢ : Dy,[s]* — Dy[s]/ Annp, (5 (f°), e1 — by(s), €2 — .

Then ker(¢) = {(u,v)" € Dy[s]* | ubs(s) + vf € AnnDn 1(f%)}. Any (u,v)" € ker(¢)
with 0 # u € K induces a b-operator, namely v~ v. Smce the existence of b-operators
is guaranteed, so is the existence of such an element. Moreover, it can be computed
via Grobner bases for modules with respect to a position over term ordering preferring
the first component. If such a Grobner basis is reduced, it contains exactly one element
with this property. In addition, ker(¢) can be computed with the SINGULAR commands
modulo or moduloSlim, respectively.

Kernel of a module homomorphism reloaded

Note that the second part of the proof of Theorem 4.13 is constructive. That is, it
provides a way to compute a b-operator. We get the following algorithm.

Algorithm 4.28 (bOperatorModulo).
Input: f € K[zy,...,z,], the Bernstein-Sato polynomial bs(s) € K][s] of f
Output: a b-operator P € D,[s], i. e. P e f*t =1b,(s) - f*
Iy C D,(t,0,) the Malgrange ideal of f
=(1,0,...,0) € R**!
p € Dy (t, 0;) such that bp(—td; — 1) +p-t € Iy and deg_,, ) (p)

<0
find a representation of p of the form p=73"_ 5, Corp e TP R~ ( ol (o, —i )
return — Za,ﬁ,k,l Cor g OP fE7 (Hi;é(—s —-1- z))

Note that p from the previous algorithm can be computed using the kernel of the ho-
momorphism of D, (¢, J;)-modules

U Dyt 0:)* — Dp(t,0,) /1 e1 — bp(—td — 1),eq > t

analogously to the previous method.
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We briefly describe some of the many applications of b-functions.

5.1 Annihilators of powers of polynomials

In the previous chapter, we have investigated the s-parametric annihilator. Now we will
turn our attention to the annihilator of (non-symbolic) powers of polynomials.

Example 5.1. Consider the univariate polynomial f := z € K|[z]. We compute
Annp,q(f*). According to Algorithm 4.20, Annp,4(2®) = I;,_, N Dy[s], where I =
(o420, 0,+0;) € D1@xK(0, 0| 00; = 040 +0;). Apparently, Annp, 4(2°) = (0, —s).
Now, we would like to compute Annp, (z*) for a specific A € C. Since (20, — \) @ 2* =
Az — Az = 0, we have Annp, 4 (xs)lszA C Annp, (z*) as expected. But in the case
A € N, restricting the s-parametric annihilator does not yield the full annihilator of z*
because also 92! e 24 = 0.

The previous example raises a few questions. When is it sufficient to just restrict the
s-parametric annihilator in order to compute Annp, (f*)? What can we do in the cases
where it does not suffice?

Lemma 5.2. Let f € K[zy,...,z,] \ K. Then f*7% i € Ny, can be written in the form

P;
H;:1 by(s —J)

fsfi — ° fs for some Pz S Dn[s]

Proof. We prove the lemma by induction on ¢. For ¢ = 0 there is nothing to do by the
convention that the empty product equals 1. Recall from Theorem 4.13 that there exists
a b-operator P € D,[s], i. e. P satisfies P o fs*! =b;(s) - f*. Substituting s with s — 1

P
in this equation yields P_ _, o f* =bs(s —1)- f*! or equivalently be(Z:l) o f5 = fs71
by the action of the operation e on s, which shows the case ¢ = 1. Now assume the
claim holds for some ¢ € N. Substituting s with s — 7 — 1 in the defining equation of the

b-operator gives P o [*"'=bs(s—i—1)- f57""L. By rewriting the latter equation

s=s—i—1

29
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and using the induction hypothesis, we have

f‘s i—1 _ P‘s s—i—1 .fs—i — P‘s:s—i—l ° ' Pl .fs
Cobp(s—i—1) be(s —i—1) [T b(s — )
P - P
= z—ils — .fs' [l
[L20s(s =)

Here is where the Bernstein-Sato polynomial comes into play.

Theorem 5.3. Let f € K[zy,...,2,] \ K and A\ := min{\ € Z | by(\) = 0} be
the minimal integral root of the Bernstein-Sato polynomial by of f. Further, let A\ €
K\ {X\o + k| k € N}. Then Annp, (f*) = AnnDn[S](fs)‘

s=A

Proof. Clearly, the inclusion Annp,, ( fs)lszA C Annp, (f*) holds.

Let P € AnnD (f*). We construct an operator @ € Annp, y(f*) such that Q| _, = P.
77777777777 1)(P) denote the total degree in 0 of P. By the action of d; on f*,

Pe fs takes then the form Pe f$=3%""  g.- [ for ¢} € K[z, s], 1 <i<r. Without

loss of generality assume that f does not divide any g¢.. Since P does not contain s, we

have
T

OZP.f)\:P.be:A:Z(gz fsz|g>\ Zgﬂs)\' )

=0
which shows that gg‘S:A = 0 for all i. Therefore we can write Pe f* = (s—X) Y 7 _ g;- f*"
with g; € K[z, s|, 1 <i <r. By Lemma 5.2, there exist P, € D,[s] such that

Pe Zgz o f7.

] lbf(s_j)

Hence,

which implies that

(Hbf s—j) Zgz B - H by(s — j) € Annp, (5 (f*).

Jj=t+1

Moreover, [[7_, bf(A—j) # O since X ¢ {\o+k | k € N}. By setting Q := m-@’
we obtain an operator as desired. O

Now we can formulate an algorithm to compute the annihilator of f* for any A € C.
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Algorithm 5.4 (annflambda).
Input: f € Klzy,...,z,],A€C
Output: Annp (f*) C D,

G :={g1,...,9:} a Grobner basis of Annp, 4(f*) C Dy[s] — Algorithm 4.20
Ao :=min{\ € Z | by(\) = 0} — Algorithm 4.17
d:=X=Xy, G :=0

if d € N then

M = {(co,c1,...,¢) € DIFV | cofd + 577, Cifilng = 0} C DIt the first syzygy
module of (f%, g1 _, ..., 9r,_, ) € D"
G ={co | (co,¢1,...,¢,) € M} C D,

end if

return G| _, UG’

Proof. It d = X\ — Xy ¢ N, then Annp, (f*) = Annp, (/%)
wise, consider ¢y € D,,. We have

coo fr=coe (fIf*) = (co- f) @ f*,

i. e. ¢g € Annp, (f*) if and only if cof? € Annp, (f) = Annp,4(f°)

Theorem 5.3. Since Annp,,((f*) = (g1, .-, gr), this is the case if and only if there exist
ci,...,cr € D, such that cof? + 22:1 Ciil,_s, = 0, which shows the correctness of the
algorithm. O]

ls=x by Theorem 5.3. Other-

again by
Ao

ls=

Example 5.5. Let f := 2> + ar + b € Q[z,a,b]. We compute Annp,(f~') and
Annp, (f).

LIB "bfun.1lib";

ring r = 0,(x,a,b),dp;
poly f = x"2+axx+b;
bfct(£);

==> [1]:

==> _[1]=-1

So b(s) = s + 1 and hence, its minimal integral root is —1. The procedure SannfsBM
below (see Algorithm 4.20) returns Dsls], which contains an object of the type ideal
called LD being Annp,4(f*).

def D3s = SannfsBM(f); setring D3s; LD;
==> LD[1]=a*Db-Dx+2*Da

==> LD[2]=x*Db-Da

==> LD[3]=x*Dx-2*x*Da-a*Da

==> LD[4]=x*Da+a*Da+b*Db-s
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Since —1 — (=1) =0 ¢ N we get I := Annp,(f~!) by substitution:

ideal I = std(subst(LD,s,-1)); I;

==> I[1]=a*Db-Dx+2%*Da

==> I[2]=x*Db-Da

==> T [3]=x*Da+a*xDa+b*Db+1

==> T [4]=x*Dx-2*x*Da-a*Da

==> T [5]=b*Db~2+Dx*Da-Da~2+Db

==> I [6]=a*Dx*Da+2*x*Da~2+a*Da~2+b*Dx*Db+Dx+2*Da

So I is a Grébner basis of Annp,(f~!). Let us continue with the computation of J :=
Annp,(f). Since 1 — (—1) =2 € N we need to compute syzygies.

ring r2 = 0,(x,a,b,Dx,Da,Db),dp;

def D3 = Weyl(); setring D3; // create Dj

poly f = imap(r,f); // fetch f from r to current ring D3
ideal I = imap(D3s,I); // fetch I from D3s to current ring D3
matrix M = matrix(syz(£°2+I)); // first syzygy module given as matrix
ideal MM = (M[1,1..ncols(M)]); // first components of the generators

Now we need to add I := AnnDn[S](fs)‘ _, toget J:

map m = D3s,maxideal(1),1; // define homomorphism Dj[s] — Ds,
ideal I2 = m(LD); // that sends s to 1

ideal J = std(MM+I2); J; // sum of ideals, cosmetic Grdbner basis
==> J[1]=Db"2

==> J[2]=Da*Db

==> J[3]=Dx*Db

==> J[4]=a*Db-Dx+2%*Da

==> J[5]=x*Db-Da

==> J[6]=Da"~2

==> J[7]=Dx*Da-2*Da~2-Db

==> J[8]=x*Da+a*Da+b*Db-1
==> J[9]=Dx"2-2*Db

==> J[10]=x*Dx+a*Da+2*b*Db-2

Hence, J is a Grobner basis of Annp,(f).
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5.2 Restriction

Let f(z1,...,Tm,Tma1,---,Tn) be a function (not necessarily a polynomial one). Sup-
pose we know a holonomic ideal I C D,, such that

I CAnnp, (f(21, .. Ty Tpg1y -+, Tn))-
Let D,,_,, denote the (n —m)-th Weyl algebra
K(Zmt1y- s Tny Oty - - On | {05 = 20, + 65 | m+1 <4,j <n}).
Our goal is to compute an ideal J C D,,_,, such that
JCAmp, | (f(0,...,0,Zmi1,. .., Ts))

directly from I. In particular, we do not require to know f directly. Note that this
corresponds to the usual setup in algebraic analysis, where a function is given in terms
of its annihilator and a finite number of initial values.

Remark 5.6. Consider the right ideal (z1,...,2,,)p, C D,. The quotient of K-vector
spaces D, /(x1,...,Tm)p, is a right D,-module and also a left D,,_,,-module. Thus,

it can be viewed as a D,,_,,-D,-bimodule. Any left ideal I C D, can be viewed as a
D,,-K-bimodule. Thus,

Dn/<l'1, ce 7$m>Dn ®Dn Dn/] = Dn/(] + <JZ1, e >xm>Dn) = Rm

has the structure of a D,,_,,-K-bimodule and in particular, of a left D,,_,,-module. We
refer to [Cou95| for the details. The left D,,_,,-module R,, is called the restriction
module of D,,/I or simply the restriction of D, /I with respect to x1,..., Ty,.

Theorem 5.7. Let f(z1,...,%m, Tms1,-..,Tn) be a given function and
I CAnnp, (f(x1,. . Ty Ting1y - -+, Tn))

a holonomic ideal in D,,. Then

(I 4+ {1, ,Zm)p,) N Dpmy € Annp,_ (f(0,...,0, i1, Tn)).

Proof. Any p € (I + (x1,...,Zm)p,) N Dy, can be written in the form

p=q-+ Zwm with ¢ € I and suitable r; € D,,,
i=1

which implies that

pef=qef+ (ZCL’ZTZ) of:in(Tiof).
i=1 i=1
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Since p does not contain any z1,...,x,,, we have

,,,,,

pe f(0,...,0,Zpmit,--yTin) :pofluzo o = (sz(rzof)> =0. O

Note that D, /(I 4+ (z1,...,Zm)p,) N Dp_m) is the cyclic submodule of R,, generated
by 1. The idea of what follows now is that certain roots of a suitable b-function give
bounds.

Theorem 5.8 ([SST00, Theorem 5.2.6]). Let w € R™ be a weight vector satisfying
w; >0for 1 <i<mandw;, =0form+1<i<nandlet \g €Z be an integer with
the property Ao > max{a € Z | by, () = 0}. Further, let 7 C D,, be a holonomic ideal
and G = {g1,...,9-} C D, such that in(_,.,)(G) is a Grébner basis of in_ . (/) (cf.
Theorems 2.29, 2.31) and put m; := deg_,,,,(g:) for 1 <i <r. Consider the V-filtration
with respect to (—w,w) defined by Vi, = {3, 5capr*d’ | —wa + w3 < k} C D, for
k € Z (see Example 2.4). Then

R, =D, /([ + <~’U1, e ,33m>Dn) =V / <Z Vao-m:9i + ijvx\wwj)
i=1 j=1

as left D,,_,,-modules.

A Grébner basis G such that ing_,.,)(G) is a Grobner basis of in_, ) (/) can be com-
puted by a slight modification of Algorithm 2.32. That is instead of returning in,,.)(G)
in the last line of Algorithm 2.32 one can return G to get the desired property.

Corollary 5.9. If w € R" is a weight satisfying the conditions in the previous theorem
and by ,, has no non-negative integral root, then the restriction module R,, equals {0}.

Proof. With notations as in the previous theorem, we can put A\g = —1 since all integral
roots of br,, are non-negative. Further, every monomial of strictly negative weighted
total degree with respect to (—w,w) contains one of the variables x1,...,z,,. Hence,
the equality V_; = Z;n:l x;Vp holds. Moreover, since V; C V; for « < j and w; > 0 for
1 <j<m,wehave V1 CV,, 4 for 1 <j < m, which implies

V_1/<ZV(mi+1)gi+2xjij_1> = {0}.
i=1 j=1

Thus, R,,, = {0} as well by the isomorphism above. O

Note that the existence of an integral root of by, is not guaranteed, in contrast to
b-functions of polynomials, which always have the root —1 according to Lemma 4.15.
Further note that the restriction module R,, is finitely presented, i. e. R,, is isomorphic
to D¥ /M for a submodule M C D¥  and some k € N, see e. g. [Cou95|.
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Algorithm 5.10 (restrictionModule).
Input: I C D, holonomic
Output: a presentation D* /M of the restriction module R,
w € R" such that w; >0for1 <i<mandw;,=0form+1<i<n
Ao :=max{—1, A | A € Z,bs(\) =0} — Algorithm 3.16
if \g < 0 then
return R, = {0}

end if
G ={q1,...,9-} a Grobner basis of I with respect to a global ordering such that
N(_w,w)(G) is a Grébner basis of in(_q,.) (1) — analogous to Algorithm 2.32

m; = deg_, ) (g:) for 1 <i<r, M :=0
B = {97 ... 90 | > wiB <1} for L€ {Ao, o —my [ 1< <r}
for 1 <i<rdo

M =M U{(8°- g)
end for
M := the D,,_,-submodule of D,,_,, - B), generated by M’
return (D, _,, - By,)/M

—0 ‘ 8,5' € B)\O*mi}

|x1:0,.u,xm_

Proof. The sets of monomials By, and By,_m,,1 < ¢ < r, are finite because w; > 0 for
1 <i < r. The choice of G ensures the compatibility with the V-filtration (cf. the proof
of Theorem 2.31). In particular, (8- g;) om0 € By, for 3% € By, ., 1 < i <7
For any k € Z, we have Y " z; - Vi, = (Zzl ;- D) NV = {(x1,...,20)p, N Vi and
Vi/ S0 @i - View, = Dy - B The correctness then follows from Theorem 5.8 and
Corollary 5.9. O

Example 5.11 (Continuation of Example 5.5). In Example 5.5 we have seen that

I := Annp,(f(a,z,b))
= (a0y — Oy + 204, £Op — Oy, 0y + a0, + b0y + 1,20, — 220, — ad,,

bO; + 000, — O + Oy, 00,0, + 2207 + ad? + b0, 0y + 0, + 20,)
for f(a,z,b) = m Let us compute the restriction module of I with respect to
a. So we take w = (1,0,0) and have b;,(s) = s by using Algorithm 3.16 and hence,
Ao = 0, which implies that the restriction module is non-trivial. Using the modification
of Algorithm 2.32 mentioned above, we compute the following Grobner basis with six
elements:

G = {20y — Ou, a0y + 20, — Oy, 20y — x0,, — O, — 1, a0, + 0, + 260, + 2,
bO; — 02 + 0,0, + Oy, ax0, + 2°0, + b0, + a + 22}

We read off (my,...,me) = (1,1,1,0,2,0), where m; = deg_,, ,(g:). Thus,

B)\o = B)\O,m4 = B/\O*m(s = BO = {1}, B)\O*mi = @ for i € {1, 2,3,5}
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and

M' = {(ad, + x0, + 200, + 2)|E:O, (axd, + 2°0, + b0, + a + 2x)‘a:0}
= {20, + 200, + 2,20, + b0, + 2z}.

Hence, the restriction module with respect to a equals
K{z,b, 0y, 0p | {0z = 10, + 1,05b = b0y + 1}) /{20, + 200y + 2, 2°0,, + b0, + 2).
Therefore, the ideal
(20, + 200y + 2,270, + b0, + 2x) C Annp, (f(0,,b))

equals the desired answer (I + (z1,...,Zmy)p,) N Dyp_p, from Theorem 5.7. However, we
can confirm that our result is not the full annihilator. Since in this example, the function
f is explicitly given, we can apply Algorithm 5.4 and get

Annp, (f(0,2,b)) = (220 — Oy, 20y, + 260y + 2, 4b0; + 02 + 60y).

Note that in more complicated cases (i. e. By, contains more than one element), one can
get (I + (x1,...,2m)p,) N Dyp_p from the restriction module by computing a Grébner
basis with respect to a position over term ordering preferring the component belonging
to 1 € By,, see e. g. |Lev05].

5.3 Integration

Integration using D-module theory is closely related to the concept of restriction from
the previous section. Let K be a subfield of C.
For f; € Klzy, ..., Tm, Tmyi1, ..., T, and a; € C, 1 < i < p, consider

P

/H (fi(z1, oo Ty T 1y« -+, X)) dxy o ATy,
& i=1

where C' is an m-dimensional simplex.
Suppose we know a holonomic ideal I C D,, such that

p

IC AnnDn(H fi).
i=1

Let D,,_,, denote the (n — m)-th Weyl algebra

K<;€m+1,...,wn,am+1,...,an | {8Z$J = :cj@i +5ij ’ m+1 < ’L,j < n}>
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Our goal now is to compute an ideal J C D,,_,, such that

p

J C Annp, /H(fi(xl,...,xm,xmﬂ,...,xn)“i)dxl...dmm
& i=1

directly from 1.

Remark 5.12. Let I C D, be a left ideal. Analogously to Remark 5.6 consider
Dn/<81, . ,8m>Dn ®Dn Dn/] = Dn/(] -+ <81, c. 78m>Dn) =. Im

The left D,,_,,-module I,, is called the integral module of D, /I or simply the integral of
D,,/I with respect to z1,...,zpy.

Theorem 5.13 (|[SST00, Theorem 5.5.1]). Let a; € C, 1 < i < pand I C
Anmnp (TT7_, f) be a holonomic ideal in D,,. Then

(I +(01,...,0m)p,) N Dp_py

is a left ideal in D,,_,, annihilating [, ([T7_; fi") dz1 ... dzy,.

Evidently, all we need now is a link between the integral and the restriction module.
Consider the Fourier transform with respect to z1,...,x,,

ri— —0;, Ohr—x, 1<i<m,
Fn: Dy — Dy, q v T
T X, 0;—0; m+1<i<n.

The Fourier transform is an automorphism of the Weyl algebra fulfilling

(I+(01,...,0m)p,) = F  (Fu(I) +{x1,...,20)p,).

Therefore, using the notations from Algorithm 5.10, the integral module can be com-
puted as follows.

Algorithm 5.14 (integralModule).

Input: I C D, holonomic

Output: a presentation D¥ /M of the integral module
Ry, = (Dpem - Bry)/(Dp—y - M) the restriction module of F,,(I) — Algorithm 5.10
return (F,, (Dp_m - Bxy))/(Fi, (D - M)

m m

Note that analogously to the restriction algorithm, one can get (I + (01,...,0m)p,) N
D,,_,, from the integral module by computing a Grobner basis with respect to a position
over term ordering preferring the component belonging to 1 € F,,}(B,,).
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Example 5.15 (Continuation of Example 5.11). In Example 5.11 we have com-

puted
I := (20, + 200y + 2,20, + b0, + 2z) C Annp, (f(0,z,b)),

where Dy = K(x,b,0,,0y | {0:x = 20, + 1,0,b = b0, + 1}) and f(0,z,b) = x++b Let us

now compute the integral module of I with respect to . Applying the Fourier transform
to the generators of I yields

fl (x@x + 2b8b + 2) = —096:1: + 268;, + 2= —$8x + 2b0b +1 and
Fi(2?0, + b0, + 21) = 0% + bx — 20, = 20> + xb.

We have bz, (1),(s) = s(s —1) for w = (1,0) by using Algorithm 3.16 and hence, A\ = 1,
which implies that the restriction module of Fi(I) is non-trivial. Proceeding as in
Example 5.11 we get

G = {20, — 2b0y — 1,2b0,0, + b, 4b*0F + b + 6b0, },
m1:O, mgz]_, m3:O,
By, = Brxg—m; = Brxg-mg = B1 = {17890}7 By-m, = Bo = {1}

and

M' =G|,y U{(, - (20, — 200, = 1)), _,, (0y - (40°0f + 2°b + 6by)), _,}
= {—200, — 1,200,0, 4607 + 6b0y, —2b0, 0y, 4b*0,07 + 6000, }.
b b

Applying the inverse of F;, we have
FH (M) = {—200, — 1, —2bx0y, 4607 + 6b0y, 2bx0,, —4b*207 — 6bx,}
and therefore we obtain the integral module of I with respect to x as follows:
I o= (Dy - {1,2})/(Dy - {260y + 1,bx0,, 2b°0; + 300, }),

where Dy = K(b, 9, | Oyb = b0, + 1). In terms of matrix representations, we have

bdy+ 3% 0
Ilupg/pg.{ o+ ba,,} =~ D, /(b0y + 1) @ Dy /{by).

Therefore, the ideal
((b0y + 1) - bDp) = (b*0; + 2b0y)

equals the desired answer (I + (01, ...,0m)p, ) N Dy_p, from Theorem 5.13.
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5.4 Integration using the Bernstein operator

Let f € Klzy,...,2,] and C be an n-dimensional simplex in K". By Equation (4.1)

- C/ oyds = s C/ P f(e)*da

for a b-operator P € D,[s]. The so-called Igusa zeta-function ((s) is given in terms
of recurrence equations with polynomial coefficients (in other words, as the annihilator
ideal in the shift algebra in the variables s and Ej, where the latter denotes the shift
operator with respect to s). In some cases it is possible to compute a closed form solution
to ((s), starting from the annihilator ideal and some initial data (e. g. by using MAPLE
or MATHEMATICA).

Example 5.16. Let f = 2> — x € R[z]. Then the Bernstein operator reads as
P=(2x-1)9,—4(s+1) and bs(s) = s+ 1. Any simplex in R! is an interval [a, b] =: C.

K] — L ° T s+1 "
((s) = /f(:c) o= 55 /P ()
¢ c
c
= S j— 1 / ((217 —1)0, @ f(fl?)S—f—l) — (4(5 +1)e f($)s+1) da
c

/(Qx —1)0, @ f(z)*da | —4¢(s+1).
C

By partial integration,

/(235 S 1)@, 0 f@) Ve = (22 — Df(2) ) o /f ) g,

hence

() = 7+ 20 = DI o —— €+ 1) = 4G(s+ 1),
and thus
(45 +6)C(s+ 1) + (s +1)¢(s) = (2b — 1)(b* — b)*T! — (2a — 1)(a® — a)*T.
The right hand side, say R(s), satisfies the homogeneous recurrence

R(s+2)—(a*>—a+b* —b)R(s+1) + (a®* — a)(b* — b)R(s) =0
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of order 2. Substituting the left hand side into it, we obtain a homogeneous recurrence
with polynomial coefficients of order 3:

((a® )b2—b s+1)) ¢(s)
—((s+2)(a® —a+b* —b) — (45 + 6)(a® — a)(b* = b)) - ((s +
— ((4s+10)(a®> —a+b* —b) — s+3)) C(s+

+(4s + 14) - C(S+3):O.

To ensure the uniqueness of a solution to this equation, we need to specify three initial
values, which can be easily done. However, it is not guaranteed that such recurrences
admit a closed form solution. Thus, the information about ((s) is contained in the
recurrence itself.

5.5 Further applications

Further applications of the theory of b-functions include related invariants and other
topics. It is beyond the scope of this work to explain them in detail. Nevertheless, we
would like to briefly mention them as these applications are subjects of ongoing research.
We refer to the given literature.

e The cigenvalues of a local monodromy [Mil68| correspond to the roots of a certain
b-function [Mal75, Mal83|.

e Certain spectral numbers [Ste77, Var81]| are roots of the Bernstein-Sato polynomial
[GHO7, HS99, Saio3].

e There is a conjecture stating that every pole of the topological zeta-function is a
root of the Bernstein-Sato polynomial [Loe88, Vey06].

e The concept of Bernstein-Sato polynomials for hypersurfaces examined in this work
can be generalized to arbitrary varieties [BMS06|. In the affine algebraic case it is

possible to compute the b-function of a variety with the methods and algorithms
presented in this work [ALMMO09].

e Recently, an algorithm to compute jumping coefficients and their corresponding
multiplier i1deals was published, using the concept of Bernstein-Sato polynomials
for affine varieties [ShiO8].

e There are algorithms, based on D-module theory, for computing certain de Rham
cohomologies |0T99, SST00, Wal00|, which involves the computation of the Cech
complezx in the realm of D-modules. These algorithms require computations of

s-parametric annihilators and finding the corresponding minimal integer roots of
Bernstein-Sato polynomials [Wal99, Wal02, OT01].
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In this chapter, we give timings achieved with our implementation of the algorithms we
have discussed in this work.

6.1 Implementation

We briefly describe the main procedures along with some of their features, which we have
implemented in SINGULAR in one of the libraries bfun.1lib, dmodapp.lib or dmod.1lib,
which are freely distributed together with SINGULAR. Note that by loading one of these
libraries, the other ones are loaded automatically. We refer to the SINGULAR manual
for an explicit description on how to call the procedures.

initialIldealW
For an ideal I C D,, and a pair of weights 0 # (u,v) € R*" satisfying 0 <., u + v,
initialIdealW computes ing,.)(/) according to Algorithm 2.32. A vector used
for homogenization can be specified via an optional argument, i. e. if not given,
(1,...,1) is used as homogenization weight.

Note that the additional “W’ in name of the SINGULAR procedure stands for
“Weyl”. The reason for using it is an already existing procedure initialIdeal from
tropical.lib, which uses techniques that do not work in the non-commutative
setting.

initialMalgrange
For f € K[zy,...,x,], initialMalgrange computes the initial ideal of the Mal-
grange ideal of f with respect to the weight (—w,w), where w = (1,0,...,0),
according to Algorithm 2.32. Homogenization weights as proposed in Remark 4.2
are being used.

SannfsBFCT
For f € K[zy,...,,], SannfsBFCT computes a Grobner basis of Annp, 5(f*)+(f)
following Algorithm 4.22, i. e. the syzygy-driven enhancement of the approach by
Briancon-Maisonobe. Also, an anti-elimination ordering for s is used, i. e. in
contrast to an elimination ordering for s, we choose s to be greater than any other
variable, see Section 6.2.6.

"http://www.singular.uni-k1.de/Manual/latest/
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Note that by specifying an optional argument, SannfsBFCT computes a Grébner
basis of Annp,(f*) + (f, 2L,..., 2L), see Lemma 4.18.

) Oz’ ) Oxp

linReduce
Given a G-algebra A, an ideal I C A and a polynomial f € A, 1inReduce re-
duces f with the generators of I by solely using linear reductions (no monomial
multiplications) according to Algorithm 3.13.

pIntersect
For a G-algebra A, an ideal J C A given as Grébner basis and a polynomial s € A,
pIntersect computes the monic generator of JNK][s| according to Algorithm 3.12
with the enhancement given in Section 3.3.1.

The necessary condition for the nontriviality of the intersection from Lemma 3.7 is
checked first. Moreover, a degree bound can be specified as an optional argument.

bfct
For f € K[zy,...,x,], bfct computes the Bernstein-Sato polynomial of f by
calling initialMalgrange and pIntersect. An ordering as proposed in Remark
4.4 (with valvars from presolve.lib |GrelQ] as valuation function) is used.

bfctAnn
For f € Klzy,...,,]|, bfctAnn computes the Bernstein-Sato polynomial of f by
calling SannfsBFCT (with the optional parameter to add all partial derivatives of
f as mentioned above) and pIntersect.

bfctldeal
For an ideal I C D, and a weight 0 # w € RY, bfctIdeal computes the
global b-function of I with respect to w according to Algorithm 3.16 by calling
initialIdealW and pIntersect.

Note that if I is not holonomic, the termination of Algorithm 3.12 cannot be guar-
anteed. In this case, a warning message is printed and pIntersect is interrupted
if no solution of degree less than or equal to ten is found.

6.2 Experiments

6.2.1 Examples

We consider the examples given in Tables 6.1 and 6.2. We distinguish between hyper-
plane arrangements and other kinds of polynomials. The hyperplane arrangements used
were proposed to us by Uli Walther. The non-hyperplane arrangements are selected ex-
amples. Although “easy looking”, they are intrinsic for different reasons. They represent
families of polynomials with “bad” singularities.
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Tables 6.3 and 6.4 show the Bernstein-Sato polynomials of the corresponding examples
computed by our implementation. They are given by the negatives of their roots. Note

that multiple roots appear more than once according to their multiplicity.

Example Input
uwl —zyz(y — 2)(y + 2)
uw2 —zyz(z +y+2)(y — 2)
w3 —ayz(o+ 2)(y — 2)
uw4 xyz(x +y + 2)(3x + 2y + 2)
uw5 —zyz(y — 2)(2y + 2)(y + 2)
uw6 —wyz(z 42y + 2)(y — 2)(y + 2)
uw? (z — 2)zyz(y — 2)(y + 2)
uws —zyz(r — 2y — 2)(z —y +22)(y + 2)
uw9 —zyz(x —y+22)2x —y — 2)(y + 2)
uwl0 vyz(—r —y+2)(x —y+2)(y + 2)
uwll (x — 2)zyz(—z +y)(y + 2)
uwl?2 —(x — 2)zyz(—x +y)(y — 2)
uwl3 zyz(de + 2y + 2)(9z + 3y + z)(z + y + 2)
uwl4 xyz(2y + 2)(y + 2)(dy + 2)(3y + 2)
uwlb —zyz(—r+y—2)By +2)2y + 2)(y + 2)
uwl6 —(z — 2)zyz(2y + 2) By + 2)(y + 2)
uwl? ryz(—r —y+2)(x — 2y +2)(y + 2)(2y + 2)
uwl8 —(z — 2)zy2(20 + 2y — 2)(y — 2)(y + 2)
uwl9 —ryz(—r +y+22)(x +y+22)(y — 2)(y + 2)
uw20 (x — 2)zyz(z + 2)(y — 2)(y + 2)
uw21 —(x —2)ayz(—r+y—2)(y — 2)(y+ 2)
uw22 —zyz(z +2)(—r +y)(y — 2)(y + 2)
uw23 xyz(—r —y+ 2)(3z — 2y + 2)(dxr + 2y + 2)(y + 2)
uw24 (x — 2)zyz(—3z —y+ 2)(de — 2y — 2)(y + 2)
uw25 (x = 2)zyz(—v +y)(3x + 2y + 2)(y + 2)
uw26 (x — 2)zyz(zr —y + 2) (20 — 2y — 2)(y + 2)
uw27 ryz(z+y)(—z+2y+2)(z+y+2)(y+ 2)
uw28 zyz(z+2)(—x+y+2)(r+y)(y+2)
uw29 —xyz(x + 2)(x +y)(Bx +y — 22)(y + 2)
uw30 —zyz(z —22)(z —y — 2)(z —y)(y + 2)
uw31 —zyz(2x — 2)(x —y — 2)(x — y)(y + 2)
uwa32 (r—2)zyz(z —y—2)(x —y)(y — 2)
uw33 | zyz(x +y + 2)(92 + 3y + 2) (162 + 4y + 2)(4dx + 2y + 2)

Table 6.1: Hyperplane arrangements
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Example Input
ab23 (2% + w?) (22 + 3wy)
chal2 (23 + y?)(y® + 2?)
chal3 (22 +v* (1 +y))(v® + 2?)
chal3b (z* +y*(1 +y)(® + y?)
chal4 (v° + zy* + 24 (2® + 2ty + o)
cnu3 vtz — x4+ 2Py — ot
cnud 2oz —aytz + 2ty — 9P
cnud 252 — xyz + 2Py —o°
cnub 27z — aybz + 2by — o7
cnu7sl (xz+y)(z" —y")
cusp23cusp32 (22 + y3)(2® + 1?)
cusp34 3+ gt
reiffen45 ot +y° + ay?
reiffen46 xt 4+ 8 + 2P
reiffen47 et +y" + ay®
reiffen48 et + oyt +ay’
reiffen49 at +y? + ay®
reiffen56 2® +yb + xyd
reiffenb7 25 + " + 2y
reiffen58 2+ ¥+ xy’
reiffen59 2° + 1y + zy®
reiffen66 2%+ b + ayd
reiffen67 2%+ y" + xyb
reiffen68 28 4+ + a7
reiffen69 2% + 1y + zy®
reiffen77 "+ 1y’ + zyb
reiffen78 e+t +ay’
reiffen79 "+ y? + ay®
reiffen88 28+ + a2y’
reiffen89 2%+ 1y + zy®
reiffen99 2 + 1y + zy®
reiffen11 et 4+ ytt + zytl
££32 23+ P+ 23 — (2y2)?
tt42 ot oyt 4+ 2 — (2y2)?
tt43 o+t + 2t — (2yz)?
xyzcusp4h (zy + 2)(y* + 2° + y2?)
xyzReiffen45 rydz +yS + 252 + 2ty

Table 6.2: Various polynomials
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Table 6.3: Hyperplane arrangements: Bernstein-Sato polynomials given by the negatives
of their roots
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Example Negatives of the roots of the Bernstein-Sato polynomial
13 7 11 6 10 8 4 7 3 5
ab23 975’ 975 9> ]-7 13 1; 9’ 52 97 570
13 11 9 711
e LRI
chal3 ?ga ga Ea 17 17 @a %7 1770) ?7 ?
Chalgb 100 4> Tga ]-7 ]-7 T073171T07 27 92
cnu3d 19 1, 1, 1, e
6 4 3 2
cnu4 5 ,1, 17 55 59 5
7 5 2 1 1
cnud 6 17 17 17 6’ 3° 27 3
8 6 5 4 3 2
cnu6 7 1,1, R AR AN
. 9 7 3 5 1 3 1
cnu’sl ) 17 17 1, 8 4> 8 278 1
13 11 9 7 1
cusp23cusp32 1—01,7 1—07, 11,31, ml’l ﬁg; 5,7 5
Cusp34 9 11 13 717271§7 TQQ’ {éﬁv §17 T%l 23 13 27
ot W P g0 o i I b g oy i i
reiffend6 12 120 37 40 6° 12° 17 17 127 6° 4° 30 12
reiffend? 1115 17 9 19 11 2372 15 27 | 20 15 30 33 17 37 19 41
287 287 287 147 28> 13?17 128’r283’ 1?1’ 287 ’9285’ 1117 238’ 287 147 287 147 28
: 5
reiffen48 8 27 8) 40 8 1, 1, 8) 40 87 2
reiffend9 13 17 7 11 23 25 13 20 5 31 11 17 B35 1 87 19 13 41 T 43 23 47
367 367 127 18’ 36’ 36’ 18’ 36’ 6’ 362’5121’7185’536’ ’ 367 187 127 36’ 67 36’ 18’ 36’
180 120 36
reiffen56 13 7 8 17 19 7 11 23 13 9 14 29 ¢ 31 16 11 17 37 19 13
30’ 30’ 15° 15° 30° 30’ 10’ 15’ 30° 15’ 10’ 15’ 30’ ~’ 30’ 15’ 10’ 15’ 30’ 15’ 10 _
reiffen57 12 16 17 18 19 22 23 24 26 27 29 31 32 33 34 | 36 37 38 39 41 43
357 357 357 357 357 357 35’ 35’ 35° 354’435476354’835’ 357 357 77 357 357 357 357 357 357
reiffenss 139 19 21 11 23 13 27 7 20 3133 17 9 37 19 39 | 41 21 43 11
407 207 40’ 40° 20’ 40° 202 40’ 10°_40’ 40’ 40’ 20’ 10’ 40’ 20’ 40’ ~’ 40’ 20’ 40’ 10’
23 47 49 51 13 27 57
207 407 40° 40’ 10’ 20’ 40
reiffen59 14 19 22 23 8 26 28 29 31 32 11 34 37 38 13 41 14 43 44 | 46 47
457 457 457 457 157 457 457 455 457 457 157 457 457 45 15’ 45° 157 457 457 77 457 457
16 49 17 52 53 56 19 58 61 62 22
157 45751 29’45217 {175’ 457 1557 515’1451’ 457 15
reiffen66 33 91 37§ 1, 1, 6’ 37273
~ 13 5 8 17 19 10 11 23 25°13 9 29 30 16 11 17 37 19 13 20 41
reiffen67 120 147 210 13 120 210 207 12> 490 210 14 127 220 21 142 21 127 310 14> 210 420 by
437722715723 47 25 17 26 53
7 3 5 11 13 7 5 4271'271’314719175427’ 2117 124%’)7 2174225 13 9 7 29 5 31 4
ifongo | 2SR LA a6 R a gt 1 S g a0 S
reiffen69 18 187 97 27 9» §7 ?17 q(; §97 687 9 ﬁvﬁla 51a 4177375 6’ 9 18’ 3’ 18
reiffen77 T T T 7y T 17 1u AR AN AN AN
reiffen78 15 17 9 19 5 11 23 25 13 27 29 15 31 33 17 9 37 19 39 41 43 11
567 567 287 56’ 14° 28’ 56°_56° 28’ 56’ 56’ 28> 56’ 56° 28’ 14° 56’ 28’ 56’ 567 56’ 147
45 23 47 25 51 13 53 27 55 1 57 29 59 15 61 31 65 33 67 17 69
567 287 567 28’ 567 14° 567 287 56’ 7 567 28° 567 14° 567’ 28’ 56’ 28’ 56’ 14’ 56
reiffenT9 16 20 32 793 78 "5 26 20 “10 81 32 1I 34 37 38 13 40 4l 43 44 46 47
637 637 63’ 63’ 21’ 63’ 63’ 63’ 21’ 63’ 63° 21’ 63’ 63’ 63’ 21’ 63’ 63’ 63’ 63’ 63’ 637
16 50 17 52 53 55 19 58 59 20 61 62 1 64 65 22 67 68 23 71 T3 T4
217 637 21’ 63?7 637 63’ 21’ 63’ 637 212 63’ 63’ 7’ 63’ 637 21’ 63’ 63’ 21’ 63’ 63’ 63°
25 76 26 80 82
7 13 3 1121756%’ 217637’ 6?? 5 1 3 1
reiffen88 4 8 27 89 47 8 17 1a 8r 47 8 29 87 4
reiffen89 17 19 5 7 1 23 25 13 7 29 5 31 11 17 35 37 19 13 41 7 43 11
722 727 187 24° 362 72° 72 36 187 722 127 727 240 367 727 727 367 24° 72’ 127 727 187
23 47 49 25 17 13 53 55 19 29 B39 5 61 31 65 1l 67 17 23 35 71 q
367 727 720 367 24° 18> 727 72’ 247 36° 727 6 72’ 36’ 72’ 12’ 727 187 247 367 727
73 37 25 19 77 13 79 41 83 7 8 43 29
1'(732’536’1 24’1318;1 721’1 121(’) 727 36’8727’ 62’ 752’ 26 ’12 5
relffen99 9737 9> 9»3) 9y 9> 17 17 97 97 32 97 9y 37 9
: 20 19 18 17 16 15 14 13 12 10 9 8 7T 6 5 4 3 2
reiffen1l 0 1 10 1 1 10 1 10 1 b LA 1 1 10 10 10 110 10 1
tt32 27 35 3 13 1
7 3 5 3
tt42 27 Z, 5’ 17 1’ 171
9 7 3 5 3
tt43 25 Ly
31 5 29 9 13 25 23 11 7 19 3 17 5 7 13 11 5 3
XYZCUSP45 24° 4° 240 82 12° 24> 17 17 247 127 8’ 24° 4 24 8° 12° 247 243 12° 8

Table 6.4: Various polynomials: Bernstein-Sato polynomials given by the negatives of
their roots
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6.2.2 Comparisons to other systems

We compare our implementation with the existing ones in ASIR [NST06] by Masayuki
Noro [Nor02| and MACAULAY 2 |GSO05] by Harrison Tsai and Anton Leykin [TLO6].

We request the computation of Bernstein-Sato polynomials with the procedures available
in the particular system and measure the time.

All timings are given in the format “[hours|:minutes:seconds”.

We use the shorthand notations t* when we have cancelled the process after the time ¢
and t' when the process ran out of memory after the time t.

An entry “n/a” means that we have not the requested the particular computation.

The computations were performed on a machine with 4 Dual Core AMD Opteron 64
Processor 8220 (2800 MHz) (only one processor could be used at a time) equipped with
32 GB RAM (at most 16 GB were allowed to us) running openSUSE 11 Linux.

We have used RI1SA/ASIR version 20071022, MACAULAY2 version 1.1 with version 1.0
of Dmodules.m2 and SINGULAR 3-1-0 with bfun.1ib version 1.13.

We measure the total running time of each call to a system in a batch mode. In this
time the initialization of the respective system, the loading of the respective example
file, the actual computation and the writing of the output are included.
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ASIR MACAULAY 2 SINGULAR
Example bfct bfunction | globalBFunction | bfct bfctAnn

uwl 0:01 0:01 0:01 0:01 0:01
uw? 10:50 0:03 44:10 0:04 0:02
uw3 0:04 0:02 0:19 0:02 0:01
uw4 1h:11:16 0:02 17:56 0:04 0:02
uwd 0:01 0:02 0:01 0:01 0:01
uwb6 37h:23:04* 0:30 5h:03:59% 0:28 0:15
uw’7 5:29 0:07 5h:01:18* 0:08 0:04
uws 5h:10:40* 0:26 7h:00:39% 0:39 1:34
uw9 7h:01:18% 0:20 5h:00:19% 0:47 4:22
uwl0 23h:29:48 0:06 20h:16:16* 0:14 0:27
uwll 2h:52:34 0:11 8h:22:10* 0:22 1:20
uwl2 16:57 0:07 12h:30:55% 0:19 1:31
uwld 41h:14:57* 0:15 27h:59:46* 0:22 4:39
uwl4 0:04 0:07 0:03 0:14 0:01
uwlb 61h:05:31* 15:42 26h:13:12* 5:37 2:50
uwl6 67h:27:57* 6:06 3h:05:37% 2:03 0:59
uwl? 48h:00:49% 3:58 3h:01:26% 5:59 1h:53:27*
uwls 29h:35:54* 7:26 4h:08:16* 6:23 12:24
uwl9 24h:23:46* 1:16 3h:20:54* 1:31 10:10
uw?20 6h:48:27 0:11 1h:43:02* 0:11 0:06
uw?21l 26h:34:58* 2:53 3h:34:07% 3:46 57:51
uw22 4h:04:05% 2:13 4h:01:43% 2:25 2h:00:36*
uw23 50h:07:44* 2:39 10h:07:53* 26:52 19h:20:52*
uw24 5h:08:07* 4:03 3h:14:29% 28:14  4h:42:23*
uw25 27h:56:42% 2:32 3h:09:18* 8:09 2h:11:52%
uw?26 11h:48:32* 4:55 1h:16:51% 6:13 1h:22:20
uw27 3h:05:14% 2:42 11h:45:18* 4:46  11h:45:53*
uw28 10h:23:40* 1:36 3h:03:00% 3:12 2h:58:51%
uw29 3h:51:14% 1:49 10h:23:42* 2:55 2h:09:27*
uw30 5h:14:18% 1:59 3h:06:57* 3:11 2h:38:38%
uw3l 5h:31:15* 1:49 5h:14:23* 3:09 2h:38:00*
uw3d2 10h:08:12% 1:33 5h:30:42* 2:38 8h:48:18%
uw3d3 5h:06:51* 1:46 10h:08:47* 7:18 2h:21:17%

Table 6.5: Hyperplane arrangements: Comparisons between ASIR, MACAULAY 2 and
SINGULAR
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ASIR MACAULAY 2 SINGULAR

Example bfct bfunction | globalBFunction bfct bfctAnn
ab23 0:17 0:24 0:27 0:18 0:04
chal2 0:01 0:01 0:01 0:01 0:01
chal3 0:01 0:01 0:01 0:01 0:01
chal3b 0:01 0:01 0:05 0:20 0:01
cnud 0:01 0:01 0:01 0:01 0:01
cnu4 0:02 0:04 0:03 0:01 0:01
cnub 0:01 0:01 0:15 0:01 0:01
cnub 0:54 1:39 14:01 0:01 0:01
cnu7sl 4:46 7:31 4h:03:39* 0:06 0:19
cusp23cusp3?2 0:01 0:01 0:01 0:01 0:01
cusp34 0:01 0:01 0:01 0:01 0:01
reiffen4b 0:02 0:02 1:03 0:04 0:01
reiffen46 0:02 0:01 0:30 0:03 0:01
reiffend7 0:02 0:03 7:50 0:08 0:02
reiffen48 0:03 0:01 0:06 0:03 0:01
reiffen49 0:05 0:06 1h:33:18 0:22 0:04
reiffen56 0:48 0:10 n/a 0:35 0:06
reiffen57 0:10 0:08 n/a 0:45 0:08
reiffenb8 0:11 0:06 n/a 0:55 0:12
reiffenb9 0:15 0:11 n/a 1:40 0:20
reiffen66 0:01 0:01 0:01 0:01 0:01
reiffen67 1:15 1:04 n/a 4:50 0:47
reiffen68 0:54 0:15 n/a 2:35 0:13
reiffen69 0:35 0:14 n/a 0:46 0:06
reiffen77 0:02 0:01 0:01 0:01 0:01
reiffen78 15:54 3:29 n/a 24:54 4:44
reiffen79 7:24 3:44 n/a 56:31 5:46
reiffen88 0:04 0:01 0:03 0:02 0:01
reiffen89 24h:00:01* 15:40 7h:04:25% 2h:04:54 26:40
reiffen99 0:09 0:01 0:34 0:05 0:01
reiffenl1 0:48 0:03 0:34 0:16 0:03
tt32 0:01 0:01 0:01 0:01 0:01
tt42 0:01 0:01 0:01 0:02 0:01
tt43 0:05 0:07 0:05 0:17 0:01
xyzcusp4b 1:09 1:53 4h:18:35 3:08 2:52

Table 6.6: Various polynomials: Comparisons between ASIR, MACAULAY 2 and SINGU-

LAR
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6.2.3 Ordering for the initial ideal based method

We request the computation of Bernstein-Sato polynomials via the initial ideal based
method. We use the heuristically fast degree reverse lexicographical ordering <gegreviex
(see Example 1.13) such that

x >degrevlex s >degrevlex T, >degrevlex a1 >degrevlex v >degrevlex an

and for a second computation —<gegreviex With a permuted order of the variables de-
termined by the valuation function valvars from presolve.lib |Grel0| according to
Remark 4.4.

Example bfct with <gegreviex | bfct with heuristic ordering
ab23 0:17 0:18
chal2 0:01 0:01
chal3b 0:20 0:20
chal3 0:01 0:01
cnu3d 0:02 0:01
cnu4 0:14 0:01
cnud 1:16 0:01
cnub 0:01 0:01

cnu’sl 23:09 0:06
cusp23cusp32 0:01 0:01
cusp34 0:01 0:01

reiffen11 0:10 0:16

reiffen66 0:01 0:01

reiffen77 0:01 0:01

reiffen88 0:02 0:02

reiffen89 2h:04:36 2h:04:54

reiffen99 0:03 0:05
tt32 0:01 0:01
tt42 0:02 0:02
tt43 0:17 0:17

xyzcusp4d 45:41 3:08

Table 6.7: Various polynomials: Computation of Bernstein-Sato polynomials with and
without an ordering as in Remark 4.4
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Example | bfct with <gegreviex | bPfct with heuristic ordering
uwl 0:01 0:01
uw2 0:05 0:04
uw3d 0:03 0:02
uw4 0:03 0:04
uwb 0:04 0:01
uwb 1:01 0:28
uw’? 0:12 0:08
uws 0:44 0:39
uw9 0:37 0:47
uwl0 0:08 0:14
uwll 0:19 0:22
uwl2 0:15 0:19
uwld 0:19 0:22
uwl4 0:26 0:14
uwlb 27:34 5:37
uwl6 11:08 2:03
uwl? 8:36 5:59
uwlg 9:48 6:23
uwl9 1:56 1:31
uw20 0:28 0:11
uw?2l 3:47 3:46
uw22 2:53 2:25
uw23 11:21 26:52
uw24 19:28 28:14
uw2b 7:49 8:09
uw26 9:49 6:13
uw27 4:55 4:46
uw28 1:42 3:12
uw29 2:16 2:55
uw30 2:54 3:11
uw3l 2:52 3:09
uw32 2:24 2:38
uw3d3 5:56 7:18

Table 6.8: Hyperplane arrangements: Computation of Bernstein-Sato polynomials with
and without an ordering as in Remark 4.4



82 6 Experiments and implementation

6.2.4 Syzygy-driven computation of the annihilator

We request the computation of Bernstein-Sato polynomials using the annihilator based
approach with Algorithm 4.20 and with the syzygy-driven method from Algorithm 4.22
as described in Remark 4.21.

We have decided to perform this experiment only for the class of non-hyperplane ar-
rangements since the annihilator based approach seems to be less efficient than the
initial ideal based one for hyperplane arrangements.

bfctAnn without bfctAnn with
Example computing syzygies | computing syzygies

ab23 0:07 0:04
chal2 0:01 0:01
chal3 0:01 0:01
chal3b 0:01 0:01
cnud 0:01 0:01
cnu4 0:01 0:01
cnud 0:03 0:01
cnub 0:04 0:01
cnu’sl 0:42 0:19
cusp23cusp32 0:01 0:01
cusp34 0:01 0:01
reiffenl1 0:11 0:03
reiffen66 0:01 0:01
reiffen77 0:01 0:01
reiffen88 0:01 0:01

reiffen89 4h:07:59% 26:40
reiffen99 0:03 0:01
tt32 0:01 0:01
tt42 0:01 0:01
tt43 0:04 0:01
xyzcusp4d 3:19 2:52

Table 6.9: Various polynomials: Computation of Bernstein-Sato polynomials with and
without the syzygy-driven approach from Remark 4.21
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6.2.5 Normal form computations

We request the computation of NF((¢8;)", in(_yu(If)) for 1 < i < deg(bs(s)), where
in(_w,w) () and deg(bs(s)) are given, i. e. these data were previously computed and are
read in from prepared files.

We perform two separate computations for each example.

A “plain” one , i. e. without any “computational tricks™

ideal J = 1;
for (int i=1; i<=d; i++) // d denotes deg(bs(s))
{
J[i+1] = NF(s~i,I); // 1 and s denote in(_,.)({f) and to,
+

and another one making use of the previously computed normal forms according to
Corollary 3.15:

poly p;
ideal J = 1, NF(s,I);
for (int i=2; i<=d; i++) // d denotes deg(bs(s))
{
p = bracket(s~i-J[i],J[2]) + J[il*J[2];
J[i+1] = NF(p,I); // 1 and s denote in(_,.)({f) and 1o,
b

Note that we have used a different machine for this experiment and for the one in the
next section, namely a machine with four Intel core 17940 (2933 MHz) (only one processor
could be used at a time) equipped with 12 GB RAM running Ubuntu 8.04.4 Linux.
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NF(Si, in(_mw)([f)),z' = 1, s ,deg(bf(s))
Example | deg(bs(s)) | standard using Corollary 3.15
uwl 7 0:01 0:01
uw? 10 0:05 0:01
uw3 9 0:01 0:01
uw4 8 0:02 0:01
uwd 9 0:01 0:01
uwb6 14 1:08 0:10
uw’? 15 0:12 0:02
uws 12 1:53 0:21
uw9 12 1:10 0:15
uwl0 12 0:10 0:04
uwll 11 0:19 0:05
uwl2 11 0:14 0:04
uwl3 10 0:37 0:15
uwl4 11 0:01 0:01
uwlb 18 1h:27:25 4:52
uwl6 19 11:47 0:48
uwl? 16 1h:17:17 6:01
uwlg 18 1h:24:52 3:53
uwl9 18 5:12 0:30
uw20 15 0:10 0:03
uw21 17 27:02 1:47
uw22 17 11:56 0:55
uw23 14 3h:23:51 34:50
uw24 14 3h:56:23 36:56
uw2b 14 1h:48:24 14:00
uw26 14 35:46 5:18
uw27 14 10:07 1:52
uw28 13 2:34 0:47
uw29 13 19:13 2:55
uw30 13 3:21 0:50
uwdl 13 3:27 0:51
uw3d2 13 1:47 0:37
uw33 12 1h:16:31 33:11

Table 6.10: Computation of normal forms
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6.2.6 Ordering and engine for the annihilator based method

We consider the Reiffen curve with parameters (4,5), i. e. f = 2* +¢° + ay* € K[z, 1],
and measure the time for the computation of a Grobner basis G' of Annp,(f*) + (f)
for previously computed Annp,5(f*) with respect to different orderings. We write G' to
a file and end the session.

Since 0 # bs(s) € Annp,(f°) + (f), the intersection (Annp,(f*) + (f)) N K[s] is
nontrivial (cf. Corollary 4.16(a) and Lemma 4.15). Hence there exists an element ¢ in
the computed Grobner basis which satisfies Im(g) = s* for some k € N (Lemma 3.7).
We import G from the previously created file and print |G|. We also request to find &
and print the size of g, i. e. the number of terms of g.

Finally, we start a third session, read in G again and call pIntersect(s,G) (Algorithm
3.12).

We perform each of these steps twice, one at a time for both Grébner basis engines of
SINGULAR, std and slimgb [Bri06].

Table 6.11 shows the results of the computations. Note that the orderings used are given
in the format of SINGULAR. We refer again to the manual for detailed information. We
also list hundredths of seconds.

Table 6.12 is a subtable of Table 6.11 consisting of the results for anti-elimination or-
derings for s and the Grobner basis engine slimgb.
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6.2.7 Conclusion

Tables 6.5 and 6.6 show that both ASIR and SINGULAR are superior to MACAULAY 2,
while none of the first two systems is distinctly better than the other one.

We would like to stress that the implementation in ASIR incorporates modular methods
for Grébner basis computations as well as for the computation of intersections. We have
deliberately decided not to use any modular techniques in order to see what we can
achieve by solely computing in characteristic zero. Nevertheless, our implementation is
designed in such a way that integrating other methods and approaches, respectively, can
easily be done.

In addition, the data also suggest that neither bfct nor bfctAnn is clearly superior
to the other algorithm. The initial ideal based method performs better on hyperplane
arrangements while the annihilator based approach seems to be more efficient for other
kinds of input.

The results in Tables 6.7 and 6.8 suggest that there are examples where the heuristic
ordering for the computation of the initial ideal might be twice as slow compared to the
degree reverse lexicographical one. Nevertheless, we see that it is preferable to use it
especially on non-hyperplane arrangements.

It is desirable to use the syzygy-driven computation of the s-parametric annihilator
for non-hyperplane arrangements (Table 6.9). Note that the computation of the syzygy
module takes place in the commutative ring K[z, ..., x,] and is not hard in the examples
we studied.

The computation of normal forms by making use of previously computed ones following
Corollary 3.15 is clearly better, even on “relatively easy” examples as seen in Table 6.10.
Table 6.11 shows that it is evident that slimgb is clearly superior to std for Grébner
basis computations in D, [s]. Moreover, we can conclude that anti-elimination orderings
for s are much better suited in order to achieve an efficient computation. Moreover,
block orderings (see [GPO8|) are preferable over weighted degree ones (Table 6.12).



7 Conclusion and future work

We have seen that there are two distinct methods for the computation of Bernstein-Sato
polynomials. One is based on the s-parametric annihilator while the other one is based
on the initial ideal, being a special case of the concept of b-functions for ideals.

We have also seen that in practice, none of these approaches is clearly better than
the other one in general, but for certain classes of input, there are differences in the
performance.

One of the general difficulties in computations with D-modules is intermediate coefficient
swell. In the algorithmic approach to the computation of b-functions, M. Noro suggested
the use of modular techniques in the Weyl algebra to overcome this problem [Nor(2].
A generalization of the existing theory on modular algorithms for the computation of
Grobner bases in commutative rings over Q [Arn03] to arbitrary G-algebras over Q along
with an implementation is desirable.

Further, in the commutative case, the Hilbert-driven Buchberger algorithm [Tra96| can
often seriously improve the efficiency of Grobner basis computations. It is interesting to
investigate whether, and if so, how this theory can be carried to the setting of arbitrary
G-algebras. For that purpose, the theory of Hilbert polynomials and Hilbert series as
well as algorithms have to be developed and understood in the non-commutative setting.
In this context, also the use of involutive bases [Ape9d8, GBI8, HSS02| should be ex-
amined. Due to recent results [Seil0|, the use of certain involutive division allows the
simultaneous computation of a Grobner basis and the Hilbert polynomial.

These improvements would affect both approaches for the computation of Bernstein-Sato
polynomials.

Another perspective concerns solely the initial ideal based method. While computing
Grobner bases in the weighted homogenized Weyl algebra, one would be able to keep
the degree in the homogenization variable A small, and thus improve the efficiency of the
computation, if one uses saturation in the sense of dividing a polynomial by the content
in h. That is, given p = > 5 Capr®®0Ph*, set p = min{\ | capn # 0} and replace p
by ;5. Since h will be replaced by 1 in the course of dehomogenization, no information
would be lost.

In addition, we have investigated the problem of computing the intersection of an ideal
with a subalgebra. It remains an open question if there is a way to determine whether
this intersection is zero for both the case where the subalgebra is generated by a single
element and the multivariate case, without computing the intersection by means of
Grobner basis elimination.
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M. Noro also suggested the use of modular techniques for the computation of the inter-
section needed for the global b-function [Nor02]. A generalization of this approach to
intersections of ideals with arbitrary multivariate Q-algebras is desirable, both from a
theoretical and an implementational point of view.

An examination of the multivariate intersection problem in the context of generalized
Bernstein-Sato polynomials, Bernstein-Sato ideals as well as Bernstein-Sato polynomials
for varieties is worthwhile, too.

Moreover, it sounds promising to utilize the concept of principal intersection in the
context of certain localizations.
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